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The chondrocyte is the only cell type in articular cartilage, and its role is to maintain
cartilage integrity by synthesizing and releasing macromolecules into the extracellular ma-
trix (ECM) or breaking down its damaged constituents (Stockwell, 1991). The two major
constituents of the ECM are type II collagen and aggrecans (aggregating proteoglycans). Pro-
teoglycans have a high negative charge which attracts cations and increases the osmolarity,
while also lowering the pH of the interstitial fluid. The fibrillar collagen matrix constrains
ECM swelling that results from the Donnan osmotic pressure produced by proteoglycans
(Wilkins et al., 2000). Activities of daily living produce fluctuating mechanical loads on
the tissue which also alter the mechano-electro-chemical environment of chondrocytes em-
bedded in the ECM. These conditions affect the physiology and function of chondrocytes
directly (Wilkins et al., 2000; Guilak et al., 1995, 1999). Relatively few studies of in situ
chondrocyte mechanics have been reported in the biomechanics literature, in contrast to
the more numerous experimental studies of the mechanobiological response of live cartilage
explants to various culture and loading conditions. Analyses of chondrocyte mechanics can
shed significant insights in the interpretation of experimental mechanobiological responses.
Predictions from carefully formulated biomechanics models may also generate hypotheses
about the mechanisms that transduce signals to chondrocytes via mechanical, electrical and
chemical pathways. Therefore, computational tools that can model the response of cells, em-
bedded within a charged hydrated ECM, to various loading conditions may serve a valuable
role in mechanobiological studies.
Computational modeling has become a necessary tool to study biomechanics with com-
plex geometries and mechanisms (De et al., 2010). Usually, theoretical and computational
models of cell physiology and biophysics are formulated in 1D, deriving solutions by solving
ordinary differential equations, such as cell volume regulation (Tosteson and Hoffman, 1960),
pH regulation (Boron and De Weer, 1976), and Ca2+ regulation (Schuster et al., 2002). Cell
modeling software, such as The Virtual Cell (vcell.org Moraru et al. (2008)), analyze sta-
tionary cell shapes and isolated cells. To model the cell-ECM system while accounting for
ECM deformation, the fibrillar nature of the ECM, interstitial fluid flow, solute transport,
and electrical potential arising from Donnan or streaming effects, we adopt the multiphasic
theory framework (Ateshian, 2007b). This framework serves as the foundation of multipha-
sic analyses in the open source finite element software FEBio (Maas et al., 2012; Ateshian
et al., 2013), which was developed specifically for biomechanics and biophysics, and offers a
suitable environment to solve complex models of cell-ECM interactions in 3D.
In the studies proposed here, we will extend the functionality of FEBio to further inves-
tigate the cell-ECM system. These extensions and studies are summarized in the following
chapters:
Chapter 1: This introductory chapter provides the general background and specific aims
of this dissertation.
Chapter 2: Cell-ECM interactions depend significantly on the ECM response to external
loading conditions. For fibrillar soft tissues such as articular cartilage, it has been shown that
modeling the ECM using a continuous fiber distribution produces much better agreement
with experimental measurements of its response to loading. However, evaluating the stress
and elasticity tensors for such distributions is computationally very expensive in a finite
element analysis. In this aim we develop a new numerical integration scheme to calculate
these tensors more efficiently than standard techniques, only accounting for fibers that are
in tension.
Chapter 3: Cell-ECM interactions also depend significantly on accurate modeling of
selective transport across the cell membrane. However, the thickness of this membrane
is typically three orders of magnitude smaller than the cell size, which poses significant
numerical challenges when modeling the membrane using the finite element method, such as
element locking. To date, no existing finite element software offers a multiphasic membrane
element. In this aim, we formulate and implement a new membrane element in FEBio, which
can accommodate fluid and solute transport within the biphasic and multiphasic framework,
to model passive and selective transport across the cell membrane.
Chapter 4: This aim extends Aim 2 to incorporate reactions across multiphasic membrane
elements in FEBio, to model the conformational reactions of cell membrane transporters,
such as carrier-mediated transporters and membrane pumps. This implementation is verified
against standard models for the regulation of cell volume, pH, and Ca2+.
Chapter 5: This final chapter provides a summary of the advances contributed in this
dissertation, along with suggestions for future aims related to the topics covered here.
With the completion of these aims, we have extended the modeling capabilities for cell
physiology and mechanobiology to more complex multicellular systems embedded within
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1.1 BACKGROUND AND SIGNIFICANCE
1.1.1 Overview
The finite element (FE) method is a highly versatile numerical technique for solving equations
of continuum mechanics. It is particularly well suited for studies in biomechanics that
require the solution of nonlinear equations, such as finite deformation of soft, hydrated,
charged tissues with interstitial transport of solvent and solutes. Though commercial FE
codes have been used extensively for biomechanical analyses to date, they have not been
developed specifically for the biomechanics research community. Typically, they may lack
implementations of constitutive relations relevant to biomechanics, requiring users to write
custom code that necessitates a substantial level of expertise in finite element analysis.
They may also lack multiphysics modules that accommodate the combination of mechanical,
electrical and chemical phenomena that typically occur in biological tissues. Alternatively,
many custom-written FE codes that have been presented in the biomechanics literature
have suffered from a different set of limitations, such as being highly specialized for specific
1
applications, or not being freely available to the wide user community.
The free open-source FEBio software (febio.org) was introduced in 2006 to address some
of these limitations (Maas et al., 2017). When first introduced, FEBio provided the ability
to model the finite deformation of elastic, viscoelastic and biphasic (poroelastic) materials in
3D, with a computational efficiency rivaling that of commercial software (Maas et al., 2012).
Partial funding for the development of FEBio was provided by the National Institutes of
Health starting in 2008, partly to implement multiphasic mixture models (porous deformable
charged solids with interstitial solvent and solute transport) (Ateshian et al., 2013, 2011),
as well as contact algorithms for biphasic and multiphasic materials (Ateshian et al., 2010a,
2012a). In its second cycle of funding, starting in 2012, aims included the implementation of
chemical reactions in multiphasic mixtures (Ateshian et al., 2014), as well as the development
of membrane elements to analyze passive and active transport across cell membranes. The
studies presented in this doctoral proposal principally address this last aim, in addition to
providing supporting implementations for modeling and validating cell-ECM interactions in
articular cartilage.
1.1.2 Efficient integration scheme for modeling biological tissues
with continuous fiber distributions
Fibrous biological tissues may be modeled using a continuous fiber distribution (CFD) to
capture tension-compression nonlinearity, anisotropic fiber distributions, and load-induced
anisotropy. The CFD framework requires spherical integration of weighted individual fiber
responses, with fibers contributing to the stress response only when they are in tension. The
common method for performing this integration employs the discretization of the unit sphere
into a polyhedron with nearly uniform triangular faces (finite element integration or FEI
2
scheme). Although FEI has proven to be more accurate and efficient than integration using
spherical coordinates, it presents three major drawbacks: First, the number of elements on
the unit sphere needed to achieve satisfactory accuracy becomes a significant computational
cost in a finite element analysis. Second, fibers may not be in tension in some regions on the
unit sphere, where the integration becomes a waste. Third, if tensed fiber bundles span a
small region compared to the area of the elements on the sphere, a significant discretization
error arises. This study presents an integration scheme specialized to the CFD framework,
which significantly mitigates the first drawback of the FEI scheme, while eliminating the
second and third completely. Here, integration is performed only over the regions of the unit
sphere where fibers are in tension. Gauss-Kronrod quadrature is used across latitudes and
the trapezoidal scheme across longitudes. Over a wide range of strain states, fiber material
properties, and fiber angular distributions, results demonstrate that this new scheme always
outperforms FEI, sometimes by orders of magnitude in the number of computational steps
and relative accuracy of the stress calculation.
1.1.3 Multiphasic membrane finite element formulation for passive
transport of solutes
With the recent implementation of multiphasic materials in the open-source finite element
(FE) software FEBio (febio.org), 3D models of cells embedded within the tissue may now
be analyzed, accounting for porous solid matrix deformation, transport of interstitial fluid
and solutes, membrane potential and reactions. The cell membrane is a critical component
in cell models, which selectively regulates the transport of fluid and solutes in the presence
of large concentration and electric potential gradients, while also facilitating the transport
of various proteins. The cell membrane is much thinner than the cell; therefore, in an
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FE environment, shell elements formulated as 2D surfaces in 3D space would be preferred
for modeling the cell membrane, for the convenience of mesh generation from image-based
data, especially for convoluted membranes. However, multiphasic shell elements are yet
to be developed in the FE literature and commercial FE software. This study presents a
novel formulation and implementation of multiphasic shell elements in FEBio. The shell
model includes front- and back-face nodal degrees of freedom for the solid displacement,
effective fluid pressure and effective solute concentrations, and a linear interpolation of these
variables across the shell thickness. This formulation was verified against classical models of
cell physiology and validated against reported experimental measurements in chondrocytes.
This implementation of passive transport of fluid and solutes across multiphasic membranes
serves as the foundation toward the development of models of membrane transporters using
chemical reactions across such multiphasic shell domains.
1.1.4 Formulation of a surface reaction scheme to model cell mem-
brane transporters
Cell membrane transporters include channels, carrier-mediated transporters and pumps
Keener and Sneyd (2009). Carrier-mediated transporters include uniporters, which transport
a single solute, symporters, which transport two solutes simultaneously in the same direction,
and antiporters, which transport two solutes simultaneously in opposite directions Keener
and Sneyd (2009). Carrier-mediated transporters can be described by a series of chemical
reactions and conformational changes which take place on the biological membrane, access-
ing solutes on either side of the membrane. For example, for uniporters a simple model can
have an enzymatic carrier protein C with two conformational states, exposing its binding














































Figure 1.1: Schematic diagram of the uniporter.
molecular substrate Si can bind with Ci to become complex Pi; this membrane-bound com-
plex undergoes a conformational change to become Pe, which translocates the substrate to
the extracellular space. Then, the substrate is released into the extracellular space as Se
(Figure 1.1). The entire process may be reversible. The reactions describing such binding,
release and conformational changes may be modeled using constitutive relations such as the
law of mass action.
The third aim of this dissertation incorporates these types of membrane transporters in
FEBio, using the recently implemented framework for reactive multiphasic species (Ateshian
et al., 2014). A fundamental theoretical challenge for this aim was to combine classical ap-
proaches from cell physiology with the rigorous nonlinear continuum mechanics of mixture
theory. In a properly formulated finite element framework, the nodal degrees of freedom
must represent physical quantities that are continuous across element boundaries. For ex-
ample, in finite element analyses of solid mechanics, the solid displacement u is selected
as a nodal degree of freedom because the displacement is continuous across the common
face of adjoining finite elements. In a multiphasic mixture, axioms of momentum and en-
ergy balance applied to non-reacting interfaces show that solute electrochemical potentials,
µ˜ , are continuous across boundaries that are permeable to those solutes; in general, this
continuity does not apply to the solute molar concentrations c . Similarly, for the solvent,
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it is the mechano-chemical potential µ˜w (but not the fluid pressure p) which is continu-
ous across solvent-permeable boundaries. This fundamental observation represented a key
concept in our formulation of transmembrane reactions. The results of this investigation
have demonstrated that we can use effective solute concentrations to reproduce fundamen-
tal flux relations for voltage-gated ion channels, facilitated diffusion of neutral solutes, and
electrogenic ion pumps such as Na K  ATPase.
The chemical kinetics of membrane transporters have been widely reported in the prior
literature. However, reproducing these standard analysis techniques in a finite element frame-
work suitable for the study of complex three-dimensional geometries that may undergo large




Integration Scheme for Modeling
Biological Tissues with Continuous Fiber
Distributions
2.1 Introduction
Starting with the studies of Lanir (Lanir, 1979, 1983), fibrous biological tissues have increas-
ingly been modeled using a continuous fiber distribution (CFD) to better capture tension-
compression nonlinearity, anisotropic fiber distributions, and load-induced anisotropy. In
Lanir’s original work, flat collagenous tissues such as skin, mesentery, and pericardium were
modeled such that individual fibers were described by Hooke’s law, and the overall tissue
response was evaluated from the weighted sum of individual fiber responses along all spatial
directions, with the weight factor given by the fiber density along those directions.
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Since then, many other tissues have been modeled successfully via the CFD framework,
including the stress-stretch response of tendons and ligaments (Hurschler et al., 1997), the
planar biaxial stress-strain relationship in the aortic valve cusp (Billiar and Sacks, 2000),
the mechanical behavior of arterial layers with dispersion of the collagen fibers (Gasser
et al., 2006), and the mechanical response of the solid matrix of articular cartilage (Ateshian
et al., 2009). Furthermore, several studies have shown that CFD captures the experimental
response of fibrous tissues effectively. For example, Sacks and Sun (2003) demonstrated that
CFD can reproduce biaxial in-plane responses accurately for various biological tissues, while
providing insight into the structure and mechanics of tissue components. Gasser et al. (2006)
represented CFD as a generalized structure tensor that describes the dispersion of collagen
fibers within the arterial adventitia layer and showed that CFD has a significant effect on
the tissue’s mechanical response. Ateshian et al. (2009) showed that CFD is able to predict
a number of experimental responses of articular cartilage which had previously not been
modeled successfully, such as the incremental Poisson’s ratio from compression to tension,
the alteration in tensile response following digestion of the proteoglycan ground matrix, and
the complex uniaxial response to increasing strains in varying bath salt concentrations.
The CFD framework can be expressed as a spherical integration of weighted individual
fiber responses. Using the notation of our prior study (Ateshian et al., 2007), the overall tissue
response is described by the total strain energy densityW (E) as a function of the Lagrangian
strain tensor E. Each fiber is assumed hyperelastic, with its response described by the strain
energy function  (En), where En is the normal strain along the fiber direction. W (E) is
obtained from the integration of  (En) over the unit sphere, weighted by a fiber density
distribution R (n0) which varies with the fiber direction n0 in the reference configuration,












 (En)H (En) sin  d d✓ . (2.1.1)
The total stress and elasticity tensors can be obtained accordingly, as described previously
(Ateshian et al., 2007). This formulation is generally employed for compressible materials,
as typically required when modeling the porous solid matrix of a hydrated biological tissue
such as articular cartilage, where pore volume may evolve with time as interstitial fluid
flows into or out of the tissue (Mow et al., 1980). When modeling nearly incompressible
tissues, an uncoupled form of the strain energy density is often employed in finite element
implementations to avoid the phenomenon of mesh locking (Bonet and Wood, 1997),

















sin  d d✓ , (2.1.2)
where J = detF, F is the deformation gradient, and E˜n is the normal component of E˜ along
the fiber direction n0. Here, E˜ =
⇣
F˜T · F˜  I
⌘
/2 where F˜ = J 1/3F, such that det F˜ = 1.





where  is the bulk modulus. When the value of  is selected to be much larger than other




, the response of these materials is nearly isochoric, J ⇡ 1,
so that E˜n ⇡ En. The integration schemes presented below are equally applicable to the
formulations of Eq.(2.1.1) and Eq.(2.1.2).
In order to numerically approximate the spherical integration described above, Lanir
(1983) discretized the spherical angles over the rectangular domain of the (✓, )-plane, and
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f (✓, ) sin  ✓   . (2.1.4)
Bazant and Oh (1986) showed that numerical formulas with uniformly distributed integration
points on the sphere are superior to this approach, since the uniform discretization over the
rectangular (✓, )-plane produces a distribution wastefully crowded near the poles of the
sphere. Formulas with uniformly distributed integration points over a unit sphere may be




f (Qi) · Ai , (2.1.5)
where  Ai is the element area, Qi is the centroid for each element, and N is the number of
elements.
Methods for generating the integration points or elements on a unit sphere have been
discussed in a series of articles. Bazant and Oh (1986) considered integration points on the
edges and faces of polyhedra with uniform distribution and high degrees of symmetry. Fliege
and Maier (1999) considered points as electrical charges and numerically calculated the point
distribution by minimizing the potential energy of the charge distribution. Hannay and Nye
(2004) derived these points by considering the Fibonacci sampling lattice with non-uniform
scaling. Ehret et al. (2010) investigated and compared a series of formulas for the FEI
scheme, with applications to a full network model of rubber elasticity and to an exponential
model for soft tissues. They demonstrated that asymmetric point distributions are most
detrimental for inducing anisotropic responses in isotropic material laws. They also showed
that symmetric distributions using a small number of integration points may also break the
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expected symmetry of the response.
Although these FEI schemes have been proven more accurate and efficient than uniform
discretization over the rectangular (✓, )-plane, we find three major drawbacks to the FEI
scheme. First, they usually require a large number of elements N to achieve sufficient
accuracy (N > 1200), resulting in a large computational cost in a finite element (FE)
analysis. Second, fibers may not be in tension in some regions on the unit sphere, where the
integration becomes wasteful, thus diminishing computational efficiency. Third, a significant
discretization error may arise when the tensed fiber bundles span a small region compared
to the area of the elements on the sphere.
In a prior study (Ateshian et al., 2007), the material symmetry of fibrous tissues un-
dergoing tension and compression was analyzed , showing that the region where fibers are
in tension can be expressed as a function of the eigenvalues of the strain tensor in a basis
aligned with the eigenvectors of the strain. Based on this finding, the aim of this study
was to develop an integration scheme exclusively for the CFD framework, that can signifi-
cantly mitigate the first drawback of the FEI scheme, while eliminating the second and third
completely.
In this presentation, one particular FEI scheme is included for comparison, where we
evaluated the distribution of integration points on the sphere using an icosahedron to produce
20 and 60 uniformly distributed points, and a publicly-shared program (Semechko, 2013)
(function ‘ParticleSampleSphere’ within ‘Uniform Sampling of a Sphere’) to produce 196 to
1796 nearly uniformly distributed points by increments of 200. Semechko’s method generates
approximately uniformly distributed points on a unit sphere by minimizing the potential
energy of a system of charged particles. Though this algorithm does not produce fully
symmetric point distributions, it can generate a broader range of integration points than
fully symmetric formulations (Heo and Xu, 2001).
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2.2 Formulation
As shown previously (Ateshian et al., 2007), there are four ranges of integration based on
the Lagrangian strain eigenvalues Ei (i = 1, 2, 3), in the basis {m1,m2,m3} of eigenvectors
of E:
1. T case: all eigenvalues are positive, Ei > 0. Fibers are in tension along all spatial
directions, and the region of integration is the whole sphere, ✓ 2 [0, 2⇡],   2 [0, ⇡].
2. TC case: two eigenvalues are negative and one is positive, E1, E2  0 < E3. Fibers are
in tension inside an elliptical double cone whose apexes meet at the origin, and whose
axis is along m3, Figure 2.1(a). The region of integration is inside the double cone,
✓ 2 [0, 2⇡],   2 [0, 0] [ [⇡    0, ⇡], where









3. CT case: two eigenvalues are positive and one is negative, E3  0 < E1, E2. Fibers
are in tension outside the double cone, which is the complementary region of the TC
case, Figure 2.1(b). The region of integration becomes ✓ 2 [0, 2⇡],   2 [ 0, ⇡    0].
4. C case: all eigenvalues are negative, Ei < 0. In this case, fibers are in compression
along all directions, and none contribute to the integration.
Since the two directions ±n0 represent the same fiber bundle, the integral over   2 [0, ⇡]
in Eq.(2.1.1) may be evaluated from twice the integral over   2 [0, ⇡/2]. To numerically
approximate the integration within these regions, we effected a change of variable from   to
⇠ 2 [ 1, 1],
⇣ = 2
cos   cos a












































































Figure 2.1: Domain of integration of total strain energy function in (a) TC case and (b) CT
case, corresponding to directions along which the fiber normal strain En is positive.
where   2 [ a, b] and  a and  b depend on the cases described above:  a = 0 in the T and
TC cases and  a =  0 in the CT case;  b = ⇡/2 in the T and CT cases, and  b =  0 in the






(cos a   cos a) f (✓, ) d⇣d✓ . (2.2.3)
The integration scheme we adopted here for the evaluation of I (f) uses Gauss-Kronrod
quadrature along ⇣ and the trapezoidal rule along ✓ (?); we refer to it as the GKT scheme,

















where  a and  b may depend on ✓j. Here, mT is the number of uniformly distributed
integration points along ✓, with ✓j = 2⇡j/mT, and nGK is the number of integration points
along ⇣, with ⇣i representing the Gauss-Kronrod quadrature points and wi representing the
corresponding weights. We only chose odd values for mT, starting from 3, as they produced
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more accurate results than even values for integration along ✓. The Gauss-Kronrod rule
extends the n points of a Gauss rule by adding n + 1 integration points, nGK = 2n + 1,
producing exact results for polynomials of degree 3n+ 1 if n is even and 3n+ 2 if n is odd.
In this study, we only used odd values of n (n = 3, 5, · · · , 13), such that nGK = 7, 11, · · · , 27.
For the GKT scheme, the number of integration points is thus N = mT · nGK . In the
analyses presented below, we first chose nGK = 7, and increased it only when increasing mT
produced no further reduction in error.
2.3 Single element analysis
The accuracy and computational efficiency of the GKT versus FEI schemes may be influ-
enced by the choice of constitutive relation for the fiber stress-strain response, since a highly
nonlinear response with strain can produce highly nonlinear spatial distributions of stress
over the unit sphere. Accuracy and computational efficiency may also be influenced by the
anisotropy of the fiber density distribution, especially when preferred fiber directions are
not aligned with eigenvectors of the strain. First, we investigated the influence of the fiber
stress-strain response, assuming an isotropic fiber distribution, R (n0) = 14⇡ . Then, for a
given stress-strain response, we investigated the influence of R (n0) for initially transversely
isotropic fiber distributions, while we rotated the eigenvectors of the strain relative to the
preferred fiber distribution directions.
We analyzed a single finite element in the shape of a unit cube, under prescribed displace-
ments. The face normals of the cube were aligned with the eigenvectors of E, and the eigen-
values Ei were evaluated from prescribed stretches  i along those directions, Ei = ( 2i   1) /2.
The normal strain along each fiber direction En was evaluated from
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En = E1 cos
2 ✓ sin2  + E2 sin
2 ✓ sin2  + E3 cos
2   , (2.3.1)
where (✓, ) are the spherical angles along the direction n0 of the fiber (Ateshian et al.,
2007).
We adopted three representative strain conditions to evaluate the T case, with  1 =
 2 =  3 = 1.1, TC case with  1 = 0.5,  2 = 0.9,  3 = 1.1, and CT case with  1 = 1.1,
 2 = 1.3,  3 = 0.5. We illustrate the cube deformation, the range of integration over   as a
function of ✓ (Eq.(2.2.1)), and the region of integration in Table 2.1. We used MATLAB to
perform the above GKT and FEI integrations for the unit cube analysis, and we compared
principal normal stresses to the numerical value obtained with the MATLAB numerical
double integration function ‘integral2’, evaluated with relative error of 10 5, henceforth
described as exact values.
2.3.1 Strain energy density
We chose a fiber strain energy density  (En) that includes the exponential (Sacks and Sun,
2003; Holzapfel et al., 2000; Stylianopoulos and Barocas, 2007) and power-law (Ateshian












,     2, ⇠,↵   0 , (2.3.2)
where ↵,  , ⇠ are the material parameters.
When ↵ = k2,   = 2, and ⇠ = k1, Eq.(2.3.2) reduces to the exponential function described
by Holzapfel et al. (2000). When ↵ = 1,   = 2, and ⇠ = c, it also reduces to the Fung-type
strain energy density described in (Holzapfel et al., 2004; Sacks and Sun, 2003), in which










































































































































































































































































Table 2.1: Three strain conditions may produce tensile strains in fibers passing through a
given point, as determined from the values of the principal normal strains: In the T case,
all fibers passing through that point are in tension; in the TC case, fibers oriented within an
elliptical double cone are in tension; and in the CT case, fibers oriented outside the elliptical
double cone are in tension.
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Material coefficients
A ↵ = 0,   = 2
B ↵ = 1,   = 2
C ↵ = 20,   = 2
D ↵ = 0,   = 4
E ↵ = 1,   = 4
F ↵ = 20,   = 4
Table 2.2: Six different combinations (A-F) of material coefficients ↵ and   are employed
with the strain energy density of Eq.(2.3.2), to assess the numerical performance of the
Gauss-Kronrod-Trapezoidal (GKT) and Finite Element Integration (FEI) schemes.
↵ = 0,   = ↵¯, and ⇠ = ↵¯⇠¯ recovers the formulation of Ateshian et al. (2009) (where ↵¯, ⇠¯
are the ↵, ⇠ defined in that study). From all these articles, the range of ↵ falls within [0, 17]
and that of   is within [2, 3.5]. In this analysis, we set these ranges to ↵ = [0, 20] and
  = [2, 4], to capture the values used in practice; specific combinations of ↵ and   used in
the simulations appear in Table 2.2. Since ⇠ is a constant factor that does not affect the
accuracy, it was set to 1.
We evaluated the largest relative error (RE) in the principal normal stresses against the
corresponding exact values. We determined the number of integration points NI required
to produce RE  1% for a range of material properties and all three strain conditions
(Figure 2.2). NIGKT was smaller than or equal to NIFEI in all cases, with the largest difference
most apparent in the TC and CT cases. There was no variation with fiber properties in the
T and TC cases, though in the CT case NI exhibited a higher value for ↵ = 20, which
represents a highly nonlinear stress-strain response. The number of Gauss-Kronrod points
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Figure 2.2: Number of integration points (NI) required to produce a relative error (RE)  1%
in the principal normal stresses, when comparing GKT and FEI schemes to the MATLAB
function ‘integral2’. The fiber density distribution is isotropic. Cases A-F correspond to the
combinations of material coefficients appearing in Table 2.2. T, TC and CT cases represent
three conditions that produce tensile normal strains in fibers, as described in Table 2.1.
2.3.2 Fiber density distribution
Two commonly used 3D continuous fiber distributions R (n0) in soft tissue mechanics include
the transversely isotropic von Mises (Gasser et al., 2006) and the orthotropic ellipsoidal
(Ateshian et al., 2009) distributions. Let {f1, f2, f3} represent the orthonormal basis defining
the preferred fiber directions (e.g., the normals to the planes of orthotropic symmetry) in the
reference configuration. In this section, we analyzed the influence of the functional form of
R (n0), as well as the relative orientation of the bases {f1, f2, f3} and {m1,m2,m3}, for GKT
and FEI integration schemes. We used the fiber strain energy density corresponding to ↵ = 0,
  = 2, ⇠ = 1 in these cases. The relative orientation of the two bases was defined using
spherical angles (✓f , f ) as illustrated in Figure 2.3, where f1 lies in the (m1,m2)-plane; the
combinations of ✓f and  f we used in the simulations appear in Table 2.3, where we set the
ranges to ✓f 2 [0, ⇡] and  f 2 [0, ⇡/2]. For fiber distributions that are transversely isotropic
about f3, and given the orthogonality of the principal planes of normal strain, constraining






































Figure 2.3: Orientation of fiber axes {f1, f2, f3} relative to the basis {m1,m2,m3} of eigen-
vector of E.
Fiber axes orientations
A  f = 0, ✓f = 0 F  f = ⇡/2, ✓f = 0
B  f = ⇡/4, ✓f = 0 G  f = ⇡/2, ✓f = ⇡/4
C  f = ⇡/4, ✓f = ⇡/4 H  f = ⇡/2, ✓f = ⇡/2
D  f = ⇡/4, ✓f = ⇡/2 I  f = ⇡/2, ✓f = 3⇡/4
E  f = ⇡/4, ✓f = 3⇡/4
Table 2.3: Fiber axes orientations (✓f , f ) relative to eigenvectors of the strain, used in
the comparison of GKT and FEI schemes for von Mises and ellipsoidal fiber distribution
densities.
2.3.2.1 von Mises distribution



















where erfi (x) is the imaginary error function and b > 0 is the concentration parameter
(Gasser et al., 2006). When b! 0, the fiber distribution becomes isotropic, with R (n0)! 14⇡
(Gasser et al., 2006). With increasing values of b, the fibers become more aligned with f3,
and the integrand in Eq.(2.1.1) exhibits increasing nonlinearity. In this analysis, we selected
a most critical condition with b = 5 (Federico and Gasser, 2010), to test the robustness of
the integration schemes.
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Figure 2.4: Number of integration points (NI) required to produce a relative error (RE)  1%
in the principal normal stresses, when comparing GKT and FEI schemes to the MATLAB
function ‘integral2’. Fibers follow a transversely isotropic von Mises density distribution.
Cases A-I correspond to dominant fiber axes orientations given in Table 2.3. T, TC and CT
cases represent three conditions that produce tensile normal strains in fibers, as described
in Table 2.1.
and CT cases. We evaluated the measures RE and NI, defined above, for both integrations
schemes, with NI reported in Figure 2.4. NIGKT was smaller than NIFEI in all cases, with
the largest difference most apparent in the TC and CT cases. The pattern for NIGKT also
showed less variation with fiber orientation relative to the principal planes of normal strain
than that for NIFEI . In these analyses, nGK = 7 was sufficient for all cases, and mT ranged
from 3 to 15.
2.3.2.2 Ellipsoidal distribution





















where (n01, n02, n03) are the components of n0 in the fiber axes basis {f1, f2, f3}, a, b and c are
the semi-principal axes of the ellipsoid, and C is obtained by satisfying
´
AR (n
0) dA = 1
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A 0,0 11 3 33
B pi/4,0 7 7 49
C pi/4,pi/4 7 13 91
D pi/4,pi/2 11 15 165
E pi/4,3pi/4 11 15 165
F pi/2,0 7 13 91
G pi/2,pi/4 7 9 63
H pi/2,pi/2 7 13 91












A 0,0 11 7 77
B pi/4,0 11 14 154
C pi/4,pi/4 11 28 308
D pi/4,pi/2 11 21 231
E pi/4,3pi/4 11 21 231
F pi/2,0 7 28 196
G pi/2,pi/4 7 35 245
H pi/2,pi/2 7 28 196


























Figure 2.5: Number of integration points (NI) required to produce a relative error (RE)  1%
in the principal normal stresses, when comparing GKT and FEI schemes to the MATLAB
function ‘integral2’. Fibers follow a transversely isotropic ellipsoidal density distribution.
Cases A-I correspond to dominant fiber axes orientations given in Table 2.3. T, TC and CT
cases represent three conditions that produce tensile normal strains in fibers, as described
in Table 2.1.
increasing values of c produce increasingly aligned fiber distributions. In this analysis, we
selected a most critical condition with c = 10.
The resulting values of NI are presented in Figure 2.5. Similarly to the von Mises distri-
bution, NIGKT was smaller than NIFEI in all cases, with the largest difference most apparent
in the TC and CT cases. In these analyses, nGK = 7 was sufficient in most cases, except
that nGK = 11 was required when  f = 0, ⇡/4 in the T case; mT ranged from 3 to 15.
2.4 Multi-elements analysis
To examine the performance of the GKT and FEI schemes in a multiple elements analysis,
we implemented these integration schemes in the open source finite element software FEBio
(http://www.febio.org). We used a cube meshed with a large number of elements to examine
the performance and computational efficiency of these integration schemes. Furthermore,
we modeled an annular disk subjected to a prescribed axial compression to examine the
axisymmetry of the principal components of stress for both integration schemes.
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Material coefficients Fiber distribution Fiber axes orientation
A ↵ = 0,   = 2 spherical NA
B ↵ = 20,   = 2 spherical NA
C ↵ = 20,   = 4 spherical NA
D
↵ = 0,   = 2
von Mises  f = 0, ✓f = 0
E von Mises  f = ⇡/4, ✓f = 0
F von Mises  f = ⇡/2, ✓f = 0
G ellipsoidal  f = 0, ✓f = 0
H ellipsoidal  f = ⇡/4, ✓f = 0
I ellipsoidal  f = ⇡/2, ✓f = 0
Table 2.4: Material coefficients, fiber density distributions and fiber material axes directions
used in the multi-element analysis.
2.4.1 Compressible Unit cube
We subjected a unit cube, meshed with 20⇥20⇥20 8-node hexahedral elements, to the same
strain conditions described above, using the fiber strain energy density function in Eq.(2.3.2),
superposed on a compressible neo-Hookean ground matrix as described by Bonet and Wood
(1997) with Lamé-like coefficients   = 0 and µ = 0.5⇥10 3 (Young’s modulus EY = 10 3 and
Poisson’s ratio ⌫ = 0); we investigated isotropic (spherical), von Mises (b = 5) and ellipsoidal
(a = b = 1, c = 10) fiber density distributions, with fiber axes orientation similarly varied.
Specific values of fiber properties ↵ and   (with ⇠ = 1) and fiber axes orientations used
in each of the simulations are presented in Table 2.4. The units of length and stress are
arbitrary in this analysis; for example, the unit cube may be 1mm ⇥ 1mm ⇥ 1mm and
the units of EY and ⇠ may be kPa or MPa.
Principal normal stresses were evaluated numerically using the GKT and FEI schemes,
for T, TC, and CT strain cases. We performed a convergence analysis on the number of
integration points required to produce a relative change RC < 1% in the principal stresses.
We increased the number of integration points N between consecutive iterations i in the
convergence analysis based on the GKT scheme: Ni 1 = mT · nGK and Ni = (mT + 2) · nGK
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(since only odd values of mT were employed); the same increment  N = Ni   Ni 1 was
applied to the FEI scheme. The largest value of RC among all three principal stresses was
derived by subtracting the stress at the current Ni relative to that at the previous Ni 1, and
normalizing the absolute value of that difference by the stress at the current Ni. The value of
Ni when convergence was achieved (RC  1%) was denoted by NI, and the running (clock)
time required to evaluate the converged case was denoted by RT. We purposefully selected
Young’s modulus EY of the ground matrix to be much smaller than the fiber modulus ⇠,
to minimize the influence of EY on the value of RC, since the GKT and FEI integration
schemes only affected the calculation of stress in the fibers.
In most cases, NIGKT was smaller than NIFEI, often by one order of magnitude (Figure 2.6)
and with the largest difference found in the TC and CT cases; the only exception occurred in
the T case with isotropic fiber density, where NI had similar small values for both schemes.
In the T case, both schemes had higher values of RN with transversely isotropic fiber density
distributions. In the TC and CT cases, NIFEI showed larger variation with fiber properties
and basis orientations. RT had the same pattern as NI for both schemes, therefore RTGKT
was smaller than RTFEI in most cases, with the largest differences observed in the TC and
CT cases.
The relative change RC is also reported in Figure 2.7 when the number of integration
points Ni was prescribed to be nearly the same for both schemes, with (nGK,mT) = (11, 35)
for GKT and 396 for FEI. We found that RCGKT ⇡ 0 for most cases, except with the






















































































































































Figure 2.6: Number of integration points NI (bars) required to achieve a relative change
(RC)  1% in the calculation of the principal normal stresses, in the multi-element con-
vergence analysis of a compressible unit cube. The clock time CT (curves, black for FEI,
gray for GKT) required to complete the analysis of the corresponding converged case is also
reported. Cases A-I correspond to the various combinations of fiber properties, fiber den-
sity distributions and fiber basis orientations given in Table 2.4. Results are reported for
both GKT and FEI schemes, for three representative conditions that produce tensile normal


































































































































































Figure 2.7: Relative change RC in principal normal stresses between consecutive iterations
Ni 1 and Ni, when Ni was prescribed close to 390 for GKT and FEI schemes. Cases A-I
correspond to the various combinations of fiber properties, fiber density distributions and
fiber basis orientations given in Table .4. For analyses A through F, the value of RCGKT was
nearly zero. Results are reported for both GKT and FEI schemes, for three representative
conditions that produce tensile normal strains in fibers (Table 2.1).
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2.4.2 Nearly Incompressible Unit Cube
A unit cube meshed with 20⇥ 20⇥ 20 8-node hexahedral elements was subjected either to
a tensile stretch ( 3 = 1.3) or a compressive stretch ( 3 = 0.7) along the z   axis, while
faces initially normal to the x  and y axes were traction-free. The cube was modeled
with the uncoupled strain energy density formulation of Eq.(2.1.2), superposed on a nearly








/2, where I˜1 = trC˜ and
C˜ = F˜T · F˜) with c = 1. The bulk modulus in U (J) was set to  = 3000. Isotropic
(spherical), von Mises (b = 5) and ellipsoidal (a = b = 1, c = 10) fiber density distributions
were also investigated, and the fiber axes orientation was similarly varied. Specific values
of fiber properties ↵ and   (with ⇠ = 10) and fiber axes orientations used in each of the
simulations are presented in Table 2.4. As in the previous section, units are arbitrary for the
cube size (e.g., mm), and the properties c, , and ⇠ (e.g., kPa or MPa).
Principal normal components of the Cauchy stress were evaluated numerically using the
GKT and FEI schemes, for the stretch and compression cases. A convergence analysis
was performed similar to that described in the previous section. In all cases, NIGKT was
smaller than NIFEI, often by more than one order of magnitude (Figure 2.6). In both loading
configurations, the FEI scheme had much higher values of NI with isotropic fiber density
when ↵ = 20 and   = 2, and also with transversely isotropic fiber density when  f = 0 and
⇡/4. RT followed a similar pattern as NI for both schemes, therefore RTGKT was smaller
than RTFEI in all cases, with the largest differences observed in conditions B, D and H. In all
these analyses, the volume ratio J ranged from 0.99925 to 1.02947; the latter value, achieved
in case B where the fiber response was most nonlinear, could be brought closer to unity by







































































Figure 2.8: Number of integration points NI (bars) required to achieve a relative change
(RC)  1% in the calculation of the principal normal stresses, in the multi-element con-
vergence analysis of a nearly incompressible cube. The clock time CT (curves, black for
FEI, gray for GKT) required to complete the analysis of the corresponding converged case
is also reported. Cases A-I correspond to the various combinations of fiber properties, fiber
density distributions and fiber basis orientations given in Table 2.4. Results are reported for
both GKT and FEI schemes, for two representative loading conditions that produce tensile
normal strains in fibers (Table 2.1).
2.4.3 Nearly Incompressible Annular disk
An annular disk with a thickness of 0.5 mm, and inner and outer diameters of 4 and 10 mm,
was meshed with 336 hexahedral elements. The material model employed the same solid
uncoupled solid mixture described in the previous section, with the neo-Hookean parameter
set to c = 1 kPa and bulk modulus  = 104 kPa; fiber material parameters were set to ↵ = 4,
  = 4, ⇠ = 10 kPa, with an isotropic fiber density distribution. The bottom of the disk was
fixed in the axial direction and the inner rim was constrained in the radial and tangential
directions, while the top face had a prescribed displacement of -0.15 mm (compression).
This problem is similar, but not identical, to the finite element model analyzed by Ehret
et al. (2010). We used the GKT scheme with (nGK,mT) = (7, 9) and the FEI scheme with
NFEI = 60. The maximum principal normal Cauchy stress is reported in Figure 2.9. The
FEI scheme exhibited a fluctuating distribution circumferentially, whereas the GKT scheme





Figure 2.9: Maximum principal normal Cauchy stress evaluated using (a) the FEI scheme
(NFEI = 60), and (b) the GKT scheme, (nGK,mT) = (7, 9) in a nearly incompressible annular
disk under compression.
inner rim, to 0.9999 at the outer rim, for both integration schemes.
2.5 Discussion
In this study, we introduced an integration scheme specialized to continuous fiber distribu-
tions where fibers may only sustain tension. We restricted the integration to the subdomain
of the unit sphere where the normal strain is tensile (Figure 2.1); we used Gauss-Kronrod
quadrature across latitudes and the trapezoidal rule across longitudes. We compared this
GKT scheme to the most commonly used integration method, the finite element integration
scheme, which employs uniformly (or nearly-uniformly) distributed integration points on the
unit sphere. Despite its advantages relative to integration over the rectangular domain of
spherical angles, there are three major drawbacks to the FEI scheme: a high computational
cost due to the usually large number of integration points needed to achieve sufficient ac-
curacy, a waste of integration over the domain of the unit sphere where fibers are not in
tension, and a discretization error when tensed fiber bundles span a small region compared
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to the discretized surface of the unit sphere.
As shown from the results of this study, the GKT scheme significantly mitigated the first
drawback, by demonstrating that fewer integration points were needed to achieve the same
accuracy as the FEI scheme (NIGKT  NIFEI) in all cases (Figure 2.2, 2.4, 2.5, 2.6). By
design (Figure 2.1 and Table 2.1), the GKT scheme also eliminated the second and third
drawbacks completely. The smaller value of NI achieved in the GKT scheme translated into
reduced computational time (RTGKT < RTFEI, Figure 2.6), despite the fact that the GKT
scheme required the additional evaluation of eigenvalues and eigenvectors of the strain.
We performed analyses on a single cubic element to evaluate the accuracies of both
schemes under various choices of nonlinear fiber responses (Figure 2.2) and fiber distribution
densities (Figure 2.4 and 2.5). Evaluations of these integration schemes were performed us-
ing fully coupled as well as uncoupled strain energy density formulations, commonly used for
modeling compressible and nearly incompressible solids in finite element analyses, respec-
tively. To achieve the same accuracy, the FEI scheme generally required more integration
points than the GKT scheme, especially in the TC and CT cases. More generally, the accu-
racy of the stress calculation may not be determinable, in which case a convergence analysis
may be performed by varying the number of integration points. As illustrated in Figure 2.6
and Figure 2.8, the GKT scheme required fewer integration points to achieve a desired con-
vergence threshold than the FEI scheme in all cases except for the T case with isotropic fiber
density distribution and a compressible material model, where the performances of the two
schemes were comparable. Alternatively, when the number of integration points was fixed
in advance, the GKT scheme always achieved better results than the FEI scheme, often by
orders of magnitude as illustrated in Figure 2.7.
The GKT scheme was less sensitive to the nonlinearity of the fiber stress response than
the FEI scheme when the strains switched between T, TC and CT cases and the fiber
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distribution was isotropic (Figure 2.2). We may attribute this differential sensitivity to the
fact that the nonlinear variation of the fiber stress along the different fiber directions was
captured more accurately by the higher-order Gauss-Kronrod integration scheme than the
midpoint-rule FEI scheme.
Both schemes were found to be variably sensitive to the orientation of the principal
direction of transversely isotropic fiber distributions relative to the principal directions of
normal strain (Figure 2.4 and 2.5), though the GKT scheme consistently performed better
in all cases. As addressed in the study of Ehret et al. (2010), FEI schemes are not all equal,
as some of them may break the expected symmetry of the stress distribution. As shown
here, the GKT scheme maintained symmetry when expected (Figure 2.9).
In practice, a user may not know in advance how many integration points N are needed
to achieve a desired accuracy for a particular problem. Based on this study, we recommend
that a convergence analysis be performed, as illustrated in the case of the finite element
analysis of a cube. When convergence analyses are not convenient or practical, the value
of N may be selected from the most conservative case of this study. For the GKT scheme,
these values were nGK = 11 and mT = 31, thus corresponding to N = 341.
The Gauss-Kronrod rule used in the GKT scheme is known to be one of the easiest and
most effective methods of numerical integration (Dahlquist and Björck, 2008). For example,
it is used in the double integration function ‘integral2’ in MATLAB (www.mathworks.com),
which applies this rule across both directions of integration (Shampine, 2008), called the
GKGK scheme. In this study, we adopted the Gauss-Kronrod rule only across latitudes, while
we used the trapezoidal rule across longitudes, because the integrand of the CFD framework
is 2⇡ periodic, and the trapezoidal rule has super convergence property for integrating
periodic trigonometric polynomials (Dahlquist and Björck, 2008). Though not shown here,
the GKT scheme was found to converge with fewer integration points than the GKGK scheme
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in most cases of this study.
In summary, in this study we introduced a GKT integration scheme specialized to the
analysis of stresses in continuous fiber distributions, where fibers can only sustain tension.
We showed that this scheme performed consistently more efficiently than the conventional
FEI scheme in a range of analyses that examined nonlinear and anisotropic fiber responses,
for compressible and nearly incompressible material models.
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Chapter 3
Finite Element Formulation of
Multiphasic Shell Elements for Cell
Mechanics Analyses in FEBio
3.1 Introduction
Mathematical models for cell physiological regulation are usually limited to 1D analyses of
isolated cells, often precluding cell deformations. These models for cell physiology typically
involve the role of electrolytes and non-electrolytes inside the cell and in the extracellular
environment, and their selective transport across the cell membrane (Keener and Sneyd,
2009). Fundamental equations describing the transport of solutes across membranes, such as
the Nernst and Nernst-Planck equations, have been classically formulated in the framework
of nonequilibrium thermodynamics (Kedem and Katchalsky, 1958; Katzir-Katchalsky and
Curran, 1965). More recently, it has been shown that these equations may be reproduced
using the more modern framework of mixture theory (Truesdell and Toupin, 1960; Bowen,
31
1976), including biphasic-solute (Ateshian et al., 2006), triphasic (Lai et al., 1991; Gu et al.,
1993) and multiphasic (Huyghe and Janssen, 1997; Gu et al., 1998) models that account for
the presence of a porous deformable neutral or charged solid matrix, a permeating solvent,
and electrically neutral or charged solutes.
With the recent implementation of multiphasic materials in the open-source finite element
(FE) software FEBio (febio.org) (Maas et al., 2012; Ateshian et al., 2011, 2013, 2014), 3D
models of cells embedded within the tissue may now be analyzed, accounting for solid matrix
deformation, transport of fluid and solutes, membrane potential and reactions. The cell
membrane is a critical component in cell models, which regulates the transport of fluid and
solutes in the presence of large concentration and electric potential gradients, while also
facilitating the transport of various proteins. The cell membrane is much thinner (⇠ 10 nm)
than the cell (⇠ 10µm) (Keener and Sneyd, 2009); therefore, in a FE environment, shell
elements formulated as 2D surfaces (e.g., triangles or quadrilaterals) in 3D space would
be preferred for modeling the cell membrane, for the convenience of mesh generation from
image-based data, especially for convoluted membranes, and the application of boundary
conditions. However, multiphasic shell elements are yet to be developed in the FE literature
and commercial FE software. This study presents the formulation and implementation of
multiphasic shell elements in FEBio.
A primary objective of this multiphasic shell formulation is the ability to lay the shell
element on top of a solid element or to sandwich a shell element between two solid elements.
(Here, the solid element means a general 3D element, such as tetrahedral, pentahedral and
hexahedral elements.) These features are essential for modeling the cell membrane as a shell
element surrounding the cytoplasmic domain, represented by solid elements, and optionally
placing this cell model within pericellular matrix (PCM) and extracellular matrix (ECM)
environments that are also modeled with solid elements. In the FE shell literature, several
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different element formulations have been proposed, not all of which are convenient for at-
taching a shell element to a solid element. For example, in the geometrically exact method
(Bischoff et al., 2004), the displacement field of a shell element is described by the mid-surface
nodal displacements and nodal vector rotations oriented in the transverse direction (Simo
et al., 1990). In the degenerated solid approach, the displacement is similarly described
by the mid-surface nodes, as well as director vectors created from the subtraction of the
nodal positions of the top and bottom surfaces of a 3D representation of the shell (Bischoff
et al., 2004); then, degrees of freedom are given by the mid-surface nodal displacements and
director vectors (Ahmad et al., 1970). A more recent formulation is the continuum-based
shell (or solid shell) method, where the displacement is directly described by the top and
bottom surfaces of the 3D representation of the shell (Parisch, 1995; Miehe, 1998; Klinkel
et al., 1999; Vu-Quoc and Tan, 2003). The latter formulation is most conveniently suited for
our application to biological membranes attached to, or embedded in solid domains, since
the nodal displacements on either side of the shell may coincide with those of the adjacent
solid element(s).
In this study, illustrations of finite element analyses employing multiphasic shell elements
are drawn from the cartilage and intervertebral disc mechanics literature. Cells such as chon-
drocytes are embedded in a relatively stiff, electrically charged ECM and subjected to large
deformations (Halloran et al., 2012). The regulation of cell homeostasis in such environ-
ments remains a challenging area of investigation (Wilkins et al., 2000). In recent years, the
response of chondrocytes within a mechanically loaded ECM has been examined with finite
element analyses by modeling the cell and ECM as biphasic or poroelastic materials (solid-
fluid mixtures), making it possible to examine the role of fluid pressurization and transport
within these compartments, though without explicitly modeling the cell membrane (Guilak
and Mow, 2000; Kim et al., 2008; Cao et al., 2009, 2011; Tanska et al., 2015). Incorporating
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a model of the cell membrane, with its low hydraulic permeability, demonstrated a signifi-
cant influence of this structure on fluid pressurization and transport (Ateshian et al., 2007;
Moo et al., 2012), though the membrane had to be represented with solid finite elements
significantly thicker (⇠ 100 nm) than real biological membranes, to avoid negative jacobians
and produce numerical convergence. This numerical accommodation could be avoided al-
together by formulating porous-permeable shell elements whose thickness is prescribed as a
user-defined parameter.
Similarly, the mechanical properties of chondrocytes and their PCM have been charac-
terized experimentally using micropipette aspiration (Alexopoulos et al., 2003, 2005; Trickey
et al., 2006), micro-indentation (Cao et al., 2006; Nguyen et al., 2010), or atomic force mi-
croscopy (Darling et al., 2006, 2010; Nguyen and Gu, 2014), using a variety of theoretical and
computational investigations for fitting various constitutive models to the experimental data
(Haider and Guilak, 2000, 2002; Baaijens et al., 2005; Haider and Guilak, 2007; Kim et al.,
2010). Incorporating an explicit model of the cell membrane in these analyses may provide
novel insights regarding the influence of the resistance to transmembrane fluid transport on
the overall cell mechanical response.
Finally, charged biological tissues, such as articular cartilage and intervertebral disc, ex-
hibit osmotic and electrical phenomena due to the interaction of ionic solutes with fixed
charges on the solid matrix. These phenomena may play an important role in the transduc-
tion of mechano-electrochemical signals into biological responses, motivating the formulation
of multiphasic analyses to examine the in situ response of chondrocytes within their PCM
and ECM (Guilak et al., 2006a,b; Haider et al., 2006). Since cell membranes may be selec-
tively permeable to only a subset of neutral or charged solutes present inside and outside
the cells, the implementation of a multiphasic shell element may present opportunities to
examine complex physiological responses even when the cell is embedded in a charged ma-
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trix subjected to mechanical loading and large deformations. To the best of our knowledge,
such investigations have not been reported previously due to the lack of a computational
framework that could accommodate these phenomena. In this study, we present multiphasic
shell membranes that allow passive transport of solutes. Reactive transport mechanisms,
such as those driven by molecular pumps, uniporters, symporters, antiporters, etc., will be
addressed in a future study.
3.2 Shell Element Formulation
3.2.1 Avoidance of Element Locking
Element locking in the FE method represents the set of circumstances when the element
exhibits much greater stiffness than the actual material it models, due to the specific formu-
lation of the finite element displacement and strain fields. Equivalently, under a prescribed
load, a locked element deforms much less than it should based on the physics of the problem,
with the results often differing by orders of magnitude. For example, when a standard 8-
node hexahedral (brick) element has a very large aspect ratio (ratio of characteristic length
to thickness), it typically exhibits extreme locking when used to model shell structures. This
limitation is the primary reason for developing specialized shell formulations that attempt
to overcome locking. The FE literature on this subject is rather extensive and we refer the
reader to the excellent review chapter by Bischoff et al. (Bischoff et al., 2004) on this topic.
Methods for overcoming locking include the Assumed Natural Strain (ANS) formulation for
transverse shear strains (MacNeal, 1978; Bathe and Dvorkin, 1986) and transverse normal
strains (Betsch and Stein, 1995; Bischoff and Ramm, 1997). The ANS formulation may be
supplemented with the Enhanced Assumed Strain (EAS) method (Simo and Rifai, 1990) and
extended to large deformations (Klinkel et al., 1999; Vu-Quoc and Tan, 2003; Simo et al.,
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1993). In effect, these formulations offer an improved calculation of the strain fields in the
element, relative to the standard method where compatible strains are directly calculated by
differentiating the interpolated nodal displacements.
The FE shell literature does not address the issue of shell locking when a shell element
is attached to a solid element. Since our primary application for porous shells is concerned
with this type of shell-solid coupling, we first needed to verify how this coupling affects
locking, especially when using dimensions and properties representative of cells and organelles
(modeled with solid elements) and their membranes (shell elements). We thus implemented
the EAS/ANS 4-node quadrilateral shell formulation of Vu-Quoc and Tan (Vu-Quoc and Tan,
2003) which uses a 7-parameter EAS interpolation, but is otherwise substantially similar to
that of Klinkel et al. (Klinkel et al., 1999). Since these papers provide a detailed description
of this formulation, we do not report the detailed results of our implementation here; we
only confirm that it produced exact agreement with benchmark problems used to test these
prior formulations.
As shown in the Results section below, we have verified that locking is negligible when
shells are coupled with solid elements, even when the cell membrane is a thousand times
thinner than the cell radius. Furthermore, we discovered that attaching an EAS/ANS shell
to a standard solid element degrades the strain enhancements and performance of the shell
element, a practical fact not usually discussed in the FE literature. Furthermore, the EAS
formulation is computationally expensive (it requires the inversion of a 7 ⇥ 7 matrix at
each integration point of the element, at each iteration and time increment), and EAS/ANS
formulations differ for linear versus quadratic, and triangular versus quadrilateral shell ele-
ments. Based on all these limitations, we chose to formulate biphasic and multiphasic shells
using compatible strains only, leading to a simpler implementation that is equally applicable
to linear and quadratic triangular and quadrilateral elements.
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3.2.2 Shell Motion and Deformation
In a parametric finite element formulation, the motion of a solid continuum is typically given
by x =   (⌘, t), where x represents the position of any point inside the domain of the finite
element, in the current configuration at time t, whereas ⌘ = (⌘1, ⌘2, ⌘3) represent parametric
material coordinates in 3D. For shell elements, we let ⌘3 represent the parametric coordinate
that varies along the shell thickness, whereas (⌘1, ⌘2) span the parametric space of the shell
surface. For a compatible strain formulation, the explicit representation of the motion is
given by









a (t) , (3.2.1)


















Here, n is the number of shell nodes,Ma’s represent interpolation (shape) functions across the
shell mid-surface, x+a (t) are degrees of freedom representing the time-dependent position of
actual shell nodes located on the front face of the shell (⌘3 = +1), whereas x a (t) are degrees
of freedom representing the positions of pseudo-nodes located on the back face (⌘3 =  1). In
this context, actual means that nodes of the finite element mesh represent the front face of the
physical shell structure, whereas pseudo means that the back face is internally constructed
in the reference configuration (at time t = 0), by projecting the front face backward along
the nodal normals by a distance equal to the user-specified referential thickness at each
node. Nodal normals are evaluated at t = 0 by averaging the normals from all shell elements
sharing that node. As seen in (3.2.2), this formulation enforces linear interpolation through
the thickness, even though the in-plane interpolation, represented by the shape functions
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Ma, may be of higher order. For this study, we develop shell elements with both linear and
quadratic in-plane interpolations.















The contravariant basis vectors gi = @⌘i/@x (i = 1, 2, 3) may be evaluated from these
expressions using standard inversion. These expressions also apply to the interpolation of
the referential configuration, X (⌘) =   (⌘, 0), and corresponding covariant basis vectors,
Gi (⌘) = @X/@⌘i, and contravariant basis vectors, Gi (⌘) = @⌘i/@X. The displacement field
u = x X is similarly given by









a (t) , (3.2.4)
where u±a = x±a  X±a are front- and back-face nodal displacements, with X±a = x±a (0).
The deformation gradient is given by F (⌘, t) = gi (⌘, t)⌦Gi (⌘) (implicit sum) or
F = I+Gradu = I+
X
a
u+a ⌦GradN+a + u a ⌦GradN a , (3.2.5)









G↵ , ↵ = 1, 2 .
(3.2.6)
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3.2.3 Shell Effective Fluid Pressure and Solute Concentrations
Finite element formulations for multiphasic materials have been presented in earlier studies
(Ateshian et al., 2013; Sun et al., 1999). These formulations recognize that fluid pressure
and solute concentrations are not usually continuous across interfaces between multiphasic
materials. Instead, it is the mechano-electrochemical potential of these constituents which
satisfies continuity. In FEBio, we have reformulated the solvent mechano-chemical potential
as an effective fluid pressure p˜, and the solute electro-chemical potentials as effective solute
concentrations c˜  (where   denotes the solute species), which may thus be used as nodal
degrees of freedom (Ateshian et al., 2013). The finite element solver then evaluates actual
fluid pressure p and solute concentrations c  at integration points of finite elements, allowing
users to examine these values as well.
For a porous shell, the interstitial effective fluid pressure p˜ may be interpolated across
the shell domain as













where p˜±a (t) are the effective fluid pressures at the front- and back-face nodes of the shell
element. An equivalent interpolation is used for effective solute concentrations,













where c˜± a (t) are front- and back-face effective solute concentrations. These interpolations
may be used to evaluate spatial gradients grad p˜ and grad c˜ , which are needed to calculate
the solvent flux, w, and solute fluxes j↵, relative to the solid matrix (the expressions relating
fluxes to effective pressure and concentration gradients are given in (Ateshian et al., 2013)
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g↵ , ↵ = 1, 2 .
(3.2.10)
3.2.4 Virtual Work
The statement of virtual work  W for non-reactive multiphasic domains was given previously
(Ateshian et al., 2013). In its weak form, it may be expressed as the difference between the








































In these expressions,   is the mixture Cauchy stress, J = detF is the Jacobian of the porous
solid matrix deformation, 'w is the solvent volume fraction (or porosity, which is a function
of J), ˜  is the partition coefficient of solute  , z  is its charge number, D (·) /Dt is the
material time derivative in the spatial frame, following the solid matrix (on which the finite
element mesh is defined);  d =
 
grad v + gradT  v
 
/2 is the virtual rate of deformation,
where  v is the virtual velocity of the solid,  p˜ is the virtual effective fluid pressure, and
 c˜  is the virtual molar energy of solute  . As discussed in (Ateshian et al., 2013), the
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be divergence-free (Fc =Faraday’s constant); this constraint is enforced numerically in the
finite element formulation by using the effective solute flux j˜  = j  +
P
 
z j  in lieu of j .
Here, b represents the mixture domain in the spatial frame and dv is an elemental volume in
b; @b is the boundary of b, and da is an elemental area on @b. Natural boundary conditions
are prescribed to the mixture traction, t =   · n, normal fluid flux, wn = w · n, and
normal effective solute flux, j˜ n = j˜  · n, where n is the outward unit normal to @b. The
finite element analysis seeks to solve the nonlinear equation  W = 0 for the unknown nodal
degrees of freedom, subject to arbitrary variations in  v,  p˜ and  c˜ .
A Newton scheme is used to solve the resulting equations iteratively. In Newton’s
method, the nonlinear equations are linearized about a known configuration using a truncated
Taylor series expansion. The solution to this equation is obtained iteratively and involves
the formation and factorization of a stiffness matrix. Therefore, it is necessary to linearize
these equations along increments in each of the variables u, p˜ and c˜  , as shown for example
in (Ateshian et al., 2011), to produce the (non-symmetric) stiffness matrix needed for the
evaluation of incremental changes  u,  p˜ and  c˜  in this iterative scheme,






⇤ ⇡ 0 , (3.2.13)
where D [·] is the linearization operator along a prescribed increment (Bonet and Wood,
1997). In the current shell formulation, each of these increments may be evaluated from the
interpolations shown in eqs.(3.2.4), (3.2.7) and (3.2.8). For example,














where  c˜± a represent incremental changes in the nodal degrees of freedom c˜± a of that shell
element. Similar expressions may be used for  u in terms of  u±a , and for  p˜ in terms of
 p˜±a . The finite element formulation is completed by interpolating  v,  p˜ and  c˜ , using
similar expressions. For example,













where  v±a are front- and back-face virtual nodal velocities. Similar expressions may be used
for  p˜ in terms of  p˜±a , and for  c˜  in terms of  c˜± a .
Following these standard procedures, we find that the discretized form of the internal


































where ne is the number of elements in b, n(e)int is the number of integration points in the e th
element, Wk is the quadrature weight associated with the k th integration point, and J⌘ is
the Jacobian of the transformation from the current spatial configuration to the parametric
space of the element. Note that one solute   is illustrated in this expression, though the
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formulation may be expanded to any number of solutes. In the above expression,
r±ua =   · gradN±a ,

















The linearization of  W and its discretization may proceed in a similar manner. The
complete linearization of the multiphasic formulation is too cumbersome to present here; for
solid elements and a single neutral solute, the formulation is reported in (Ateshian et al.,
2011), whereas the formulation for general multiphasic mixtures is described in (Ateshian
et al., 2013) and detailed in the FEBio Theory Manual (Maas et al., 2016a). Nevertheless, for
the shell formulation presented here, we illustrate the discretized form of this linearization
in Appendix A.1, for the specialized case of nonreactive biphasic mixtures (no solutes).
3.2.5 Shell on Solid or Sandwiched Between Solids





solid of the nodes on the solid element face are automatically reassigned








shell of the shell back-
face. Internally, the deformation gradient F of the solid element, its fluid pressure gradient
grad p˜, and its solute gradients grad c˜ , are all calculated using these reassigned degrees of
freedom. This correspondence is internal to the code and is not manifested when viewing
the mesh, which only shows the shell front face and the coincident solid element face. If
a shell element is also sandwiched between two solid elements, the solid element facing the













shell degrees of freedom. This mechanism ensures that a shell element
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lying on top of a solid element or sandwiched between two solid elements behaves exactly as
if it were modeled as a solid element. However, it is the user’s responsibility to ensure that
the shell thickness is less than the thickness of the solid element attached to its back face.
For a shell element connected edgewise to the face of a solid element, only the front-face








shell are set to coincide with the corresponding solid













shell, implying that the connection acts as a (generally flexible) hinge.
In principle, it is possible to formulate more complex continuity conditions for edgewise
connections of shells with faces of solid elements (not necessarily coinciding with solid element
edges), most notably using the concept of tied interfaces, which may be used to enforce
continuity of traction, as well as fluid and solute fluxes, across that interface. This topic
may be addressed in a future study.
3.2.6 Shell Element Types
Currently, four shell element types have been created in FEBio: three-node triangular (tri3 )
and four-node quadrilateral (quad4 ) elements, with bilinear interpolation functions Ma; and
six-node triangular (tri6 ) and eight-node quadrilateral (quad8 ) elements, with biquadratic
interpolation functionsMa. (Recall from (3.2.1) that the interpolation through the thickness,
along ⌘3, is linear in all cases.)
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3.3 Results
3.3.1 Rigid Plane on Elastic Sphere
This first problem examines element locking in a canonical problem of a rigid plane com-
pressing an elastic sphere, e.g., simulating atomic force (AFM) microscopy compression of a
cell with a flat indentor. The sphere has a radius of 10µm and only one octant is modeled
to account for symmetry. The rigid plane displaces down onto the cell by 5µm to produce
large deformations. The sphere is meshed either without a membrane, or with a 10 nm thick
membrane. The contact between the plane and sphere is frictionless.
The sphere and membrane are modeled using either a compressible neo-Hookean elastic
material (Bonet and Wood, 1997), with Young’s modulus E = 1 kPa and Poisson’s ratio
⌫ = 0.3, or a nearly incompressible Mooney-Rivlin material, with shear modulus µ = 13 kPa
(corresponding to E = 1 kPa, or c1 = 16 kPa in the FEBio format) and bulk modulus
 = 16 ⇥ 103 kPa. Thus, sphere and membrane have the same properties in this simula-
tion, allowing us to examine the influence of element locking independently of differences
in material properties. In other words, we would expect that results with or without the
membrane should be identical in the absence of shell locking. The Mooney-Rivlin material
is included because incompressibility notoriously affects mesh locking in some element for-
mulations. In FEBio, the Mooney-Rivlin material employs an uncoupled formulation (Bonet
and Wood, 1997) to help minimize this locking effect.
We examine meshes with tetrahedral solid elements (4-node tet4 and 10-node tet10 )
and hexahedral solid elements (8-node hex8 and 20-node hex20 ), respectively denoted by
T4, T10, H8, and H20. When a membrane is included, it is modeled as triangular shell
elements (tri3 and tri6 ) and quadrilateral shell elements (quad4 and quad8 ), consistent
with the underlying solid elements. Thus, these models are called T4T3, T10T6, H8Q4,
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and H20Q8. All shell elements use the compatible strain formulation described above. H8,
H20, H8Q4, and H20Q8 all have 1900 solid elements and the latter two also have 300 shell
elements. T4, T10, T4T3, and T10T6 all have 9635 solid elements and 580 shell elements.
The nomenclature of models using compressible neo-Hookean material ends with NH and
that of models with Mooney-Rivlin material end with MR. For example, H8Q4MR denotes
a sphere with hex8 solid elements, quad4 shell elements, using the Mooney-Rivlin material.
Evidence of locking is investigated by examining the contact force between the rigid
plane and the sphere. The contact force versus rigid plane displacement for these analyses is
presented in Figure 3.1a for the neo-Hookean material, and Figure 3.1b for the Mooney-Rivlin
material. In the case of neo-Hookean material, all analyses produce virtually identical load-
displacement responses. Since analyses with and without the membrane produce the same
results, we conclude that the shell elements have virtually no influence on the response; thus,
any putative locking of the shell elements is virtually undetectable in this analysis. Since the
linear and quadratic meshes also produced identical results, and since quadratic meshes have
far more degrees of freedom than linear meshes (e.g., 445 321 for H8 models versus 3 856 267
for H20 models), we conclude that mesh convergence was also achieved for this problem.
For the Mooney-Rivlin material, the tet4 solid elements produce a stiffer response than
all other elements (with or without a tri3 membrane), which is a well-known effect of locking
for this element type when using a nearly incompressible material. (Admittedly, this locking
effect is relatively small in this example.) However, all other elements and element combi-
nations (tet10, hex8, hex20 with or without tri6, quad4 and quad8, tetrahedral elements not
shown) produce virtually identical load-displacement results. Here again, we conclude that
the compatible strain shell formulation used here produces no measurable locking, when the
shell is coupled with a solid element. The only cautionary message we extract from this














































































Figure 3.1: Contact force exerted by the rigid plane compressing the elastic sphere for (a) neo-
Hookean (NH) and (b) Mooney-Rivlin (MR) materials, using linear or quadratic hexahedral
(H8, H20) or tetrahedral (T4, T10) solid elements, optionally combined with linear (T3, Q4)
or quadratic (T6, Q8) shell elements.
when modeling a nearly-incompressible response.
3.3.2 Rigid Sphere on Biphasic Cell
This problem tests the biphasic shell elements introduced above, by examining a rigid sphere
(e.g., an AFM spherical probe) loading a cell modeled with a biphasic cytoplasm and a
biphasic membrane. Biphasic materials have an intrinsically incompressible solid matrix
skeleton which is porous and permeable, and intrinsically incompressible interstitial fluid
(Mow et al., 1980). However, the flow of interstitial fluid into or out of the pore volume
may cause changes in the overall volume of the porous matrix. In this example, the biphasic
cytoplasm has a porous solid matrix consisting of a compressible neo-Hookean material and
a strain-independent isotropic hydraulic permeability. A compressible material is used for
the cytoplasm to allow volume changes resulting from interstitial fluid flow into or out of
this porous permeable region, consistent with numerous experimental observations of water
exchanges under osmotic loading (Guilak et al., 2002; Chao et al., 2005; Albro et al., 2009).
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The biphasic cell membrane has a porous solid matrix consisting of a nearly-incompressible
Mooney-Rivlin material, and a strain-independent isotropic hydraulic permeability. In con-
trast to the cytoplasm, we choose a nearly-incompressible material for the membrane because
osmotic effects, which may dominate in many phenomena in cell physiology, would other-
wise crush the membrane along its thickness. In a real cell, the lipid bilayer structure of
the membrane indeed allows it to sustain large osmotic pressure gradients without adverse
effects.
Based on prior AFM measurements on chondrocytes by Darling et al. (Darling et al.,
2006), we perform a parametric analysis for E = 0.6   1.0 kPa; we also assume that ⌫ ⇡ 0
for the neo-Hookean solid matrix of the cytoplasm, implying that pore volume can decrease
with loss of interstitial fluid under axial compression without concomitant lateral expansion
of the cytoplasmic domain. Since the chondrocyte membrane is ruffled and unfurls as the cell
expands in volume (Guilak et al., 2002), we can assume that the membrane offers negligible
additional stiffness to the cell, thus we let its modulus be comparable to that of the cytoplasm
(c1 = 0.25 kPa,  = 250 kPa). From our prior osmotic loading experiments, the membrane
hydraulic permeability of chondrocytes has been reported to be Lp ⇡ 7 ⇥ 10 5 µm3/nN ·
s (Albro et al., 2009). Estimating the membrane thickness at h = 0.01µm (or 10 nm),
the relation Lp = kM/h (Kedem and Katchalsky, 1958; Ateshian et al., 2006) produces
a hydraulic permeability of kM = 7 ⇥ 10 7 µm4/nN · s for the membrane. As a point of
comparison, the hydraulic permeability of the extracellular matrix of articular cartilage is
on the order of kECM ⇠ 1µm4/nN · s, six orders of magnitude higher than the chondrocyte
membrane, which emphasizes the latter’s extremely low permeability to water. The hydraulic
permeability of the cytoplasm has not been measured directly, but we assume that it is much
higher than that of the membrane, consistent with basic concepts described in cell physiology
textbooks (Alberts, 2002) and the common assumption that the cell may be modeled as
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a fluid-filled membrane (Kedem and Katchalsky, 1958). Thus, we perform a parametric
analysis where the cytoplasm permeability kC is varied parametrically from 104 ⇥ kM to
1010 ⇥ kM (kC = 7 ⇥ 10 3   7 ⇥ 103 µm4/nN · s). As another point of comparison, the
hydraulic permeability of alginate gels is on the order of 102 µm4/nN · s (Albro et al., 2007)
and that of agarose (2% v/v) is on the order of 103 µm4/nN · s (Mauck et al., 2000).
For this analysis, we use a 3D axisymmetric model (a wedge spanning two degrees cir-
cumferentially) of a chondrocyte with a radius of 7µm, indented by a spherical AFM probe
with a radius of 2.5µm (Figure 3.2a), similar to the experiments of Darling et al. (Darling
et al., 2006). We model only the top half of the cell, assuming mid-plane symmetry (the
cell is round and anchored to a substrate at the bottom, but the exact boundary conditions
on that side are not considered important for this investigation of the general response).
A biphasic frictionless contact interface is used between the rigid sphere and cell (Ateshian
et al., 2010b) and a symmetric constraint enforces axisymmetry (zero normal displacement
but unconstrained in-plane displacement) on the rotated face of the wedge geometry (Maas
et al., 2016b). The cytoplasm is meshed using hex8 elements, except near the axis of sym-
metry where 6-node pentahedral (penta6 ) elements are used (Figure 3.2a). The membrane
therefore consists of 4-node quadrilateral shell elements, except for a single 3-node triangular
element at the axis of symmetry. Mesh convergence has been verified by comparing with
an identical mesh using quadratic elements. The rigid indenter is displaced downward onto
the cell by 1µm (half of that in the experiments, due to symmetry) over 0.48 s to achieve
a loading rate of 4.17µm/s, then the displacement is held constant until 60 seconds have
elapsed, as employed in the experiments (Darling et al., 2006).
Results show that the cell volume remains essentially constant over a period of 60 sec-
onds, implying that there is virtually no efflux of interstitial water from the cell across its









Figure 3.2: (a) Axisymmetric finite element model for indentation of spherical cell with rigid
spherical AFM probe. (b) Interstitial fluid flux w in the cytoplasm at t = 0.48 s. Arrows
display the direction and color contours display the magnitude of w.
kM. Interestingly however, the interstitial fluid recirculates significantly in the cytoplasm, as
it gets pushed away under the spherical indenter to adjacent regions (Figure 3.2b). Indeed,
as is evident from plots of the cytoplasm’s volume ratio J (Jacobian of the deformation of
the porous solid matrix, Figure 3.3a), some regions of the cell gain fluid volume (J > 1) at
the expense of regions that lose it (J < 1), even while the net volume of the cell remains
constant. Thus, a biphasic cell surrounded by a low-permeability biphasic membrane does
not behave as an incompressible solid, since the latter normally satisfies J = 1 everywhere
in its domain. Depending on the value of the cytoplasmic hydraulic permeability kC, this
recirculation causes differing amounts of fluid-solid frictional dissipation, leading to measur-
able relaxation of the AFM indenter force. This flow-dependent viscoelastic response closely
mimics the experimental results of Darling et al. (Darling et al., 2006) when E = 0.78 kPa
























Figure 3.3: AFM indentation of chondrocyte: (a) The relative volume J , shown here at
t = 60 s, is not uniform throughout the cytoplasm. (b) The AFM contact force predicted
from the FEBio model (solid curve) can be successfully fitted to the experimental data of
Darling et al. (Darling et al., 2006), with suitably chosen values for cytoplasmic Young’s
modulus and hydraulic permeability.
hydraulic permeability approximately two times higher than cartilage ECM, or fifty times
smaller than alginate hydrogel.
3.3.3 Cell Physiological Models and Classical Equations
For the next three problems, we employ a physiological model of chondrocytes, using mul-
tiphasic cytoplasm and membrane to model the deformation of their porous solid matrix
with interstitial fluid and solute transport. The multiphasic cytoplasm has ions Na+, K+,
Cl , InA , based on classical cell physiological models (Keener and Sneyd, 2009; Hoffmann
et al., 2009), where InA  represents the anionic macromolecules trapped inside the cytoplasm
(membrane-impermeant). The multiphasic membrane is assumed to be only permeable to
Cl , according to the experimental findings of Tsuga et al. (Tsuga et al., 2002) on rabbit
chondrocytes, where the authors reported that the membrane potential of the chondrocyte
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depends only on Cl  transmembrane transport. An additional cation, InB+, is added to
the membrane multiphasic domain to enforce the electroneutrality condition in that domain.
The external solution need not be modeled explicitly, since environmental conditions may
be applied as suitably formulated boundary conditions, as shown in Appendix A.2.
As a side note, experimental studies reporting the membrane potential for isolated chon-
drocytes do not all produce the same results. While Tsuga et al. Tsuga et al. (2002) have
shown that the membrane potential (⇠  42mV) is close to the equilibrium potential for
Cl , and governed by Cl  conductance, Wilson et al. Wilson et al. (2004) have found that
the membrane potential of canine articular chondrocytes (⇠  38mV) is significantly influ-
enced by K+, as determined by the role of a K+ channel-blocking ion. Lewis et al. Lewis
et al. (2011) measured a resting membrane potential of ⇠  7mV in canine chondrocytes ,
concluding that the membrane is highly permeable to Na+ and/or Ca2+. In future model-
ing investigations, we may use the methodologies described in this study to examine these
alternative experimental observations.
To verify the finite element results for solute transport against standard cell physiological
models, please see our prior report for the derivation of ideal osmometer behavior of cells
subjected to osmotic loading as reported in (Ateshian et al., 2006); we also summarize how
the membrane potential in our multiphasic framework reduces to the Nernst potential of Cl 
in Appendix A.3.
3.3.3.1 Isolated Chondrocyte with Extracellular Variation of Cl 
This problem examines the membrane potential in a multiphasic chondrocyte model in re-





, comparing the finite
element results to the analytical solution of the equations given in Appendix A.3. For this
specific problem, the equilibrium response for the membrane potential (the electrical po-
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tential difference between the intracellular and extracellular environments) is given by the
Nernst potential of Cl  (Keener and Sneyd, 2009). The properties of the porous solid matrix
and hydraulic permeability of the cytoplasm and membrane are taken from Section 3.3.2.
The solid volume fraction (sometimes described as the osmotically inactive volume fraction)
was set to 'sr = 0.27 (Albro et al., 2009). The diffusivities of Cl
  and InB+ across the mem-
brane are estimated to be dClm = dInBm = 10 4 µm2/s to produce a solute flux (calculated with
the Goldman-Hodgkin-Katz equation (Keener and Sneyd, 2009)) on the same order of K+
flux for chondrocytes as measured by Hall et al. (Hall et al., 1996). The diffusivities of ions
in the cytoplasm are assumed to be similar to those in the ECM (dNac = dKc = 5⇥ 102 µm2/s,
dCl = 8 ⇥ 102 µm2/s), which are half of the values of those in free solution, to account for
hindrance to transport within the porous solid skeleton (Freeman, 1979).
For this finite element analysis we use a 3D spherically symmetric model (a small arc along
the azimuth and elevation) of the cell with radius of 10µm for the cytoplasm, modeled with
a single hex8 element, and a quad4 shell element for the cell membrane (thickness= 10 nm)
(Figure 3.4a). A single element is used in each domain since we only examine the steady-state
homogeneous response. Boundary conditions are prescribed to simulate the extracellular
bath as explained in Appendix A.2. The targeted solute concentrations prior to extracellular













































= 150mM in the external solution, based on
reported values for chondrocytes (Wilkins et al., 2000) and the experimental conditions
of Tsuga et al. (Tsuga et al., 2002). To achieve this targeted state in the finite element









= 0mM, consistent with the membrane and external solution,











were achieved artificially by simulating a forward chemical reaction (Cl  ! InA ),
with the requisite reaction rate over the arbitrary time interval t = 0 to 1 s. The extracellular
solute concentrations were maintained constant during this time range. This conversion
of Cl  to InA  brought the membrane potential to the resting value of   =  42mV,
consistent with experimental measurements (Tsuga et al., 2002). Then, to mimic one of the





was varied by replacing Cl  with




















= 300mM). Though the FEBio analysis
was transient, only the steady-state response is reported here, for comparison with the prior
experimental results.






was decreased, in perfect accordance with the Nernst equation for Cl  (Ap-
pendix A.3) and in very good agreement with the experimental results of Tsuga et al.(Tsuga
et al., 2002) (Figure 3.4 b). This example verifies the ability of the multiphasic shell to
model a membrane selectively permeable to only some ions; it validates the model against
cell physiology experiments; and it successfully implements a methodology for setting the
desired homeostatic conditions for intracellular and extracellular ion concentrations, starting
from initial conditions with zero membrane potential.
3.3.3.2 Isolated Chondrocyte under Osmotic Loading
Osmotic loading of chondrocytes is a common experimental method used to extract mechan-
ical and transport properties of these cells (Guilak et al., 2002; Chao et al., 2005; Albro
et al., 2009; Guilak, 2000; Oswald et al., 2008; Maidhof et al., 2014). These experimental
studies have shown that the volumetric changes induced by osmotic loading obey the Boyle-




































Figure 3.4: (a) Spherically symmetric cell model consisting of two finite elements: a hex8
element to represent the cytoplasm and a quad4 element to represent the membrane. (b)





agrees with the Nernst
potential and experimental data from Tsuga et al. (Tsuga et al., 2002).
osmolyte used to load the cells, such as NaCl or sucrose. However, since NaCl dissociates into
ions whereas sucrose is electrically neutral, it is not known whether the membrane potential
is affected differently by these two types of osmolytes. Therefore, in this next problem, we
examine the response of our multiphasic cell model subjected to osmotic loading with these
two different osmolytes.
The multiphasic cell model described in the previous section is used, and the osmolarity
































= 150mM and [sucrose]e = 100mM,
both of which produce an osmolarity ce = 400mM. In the finite element analysis, the
osmolarity ce of the external solution is varied linearly over 10 s, then held constant until the
cell volume equilibrates; this procedure is repeated for various values of ce. In the reference
configuration, the osmolarity is cer = 300mM of NaCl. Both hyper-osmotic (ce > cer) and
hypo-osmotic (ce < cer) loading may be used with NaCl (with the latter representing dilution
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of the solution with distilled water); however, only hyper-osmotic loading can be simulated
with sucrose.
As expected from the governing equations, results demonstrate that the transient change
in cell volume exhibits the same response when using NaCl alone or NaCl supplemented
with sucrose, and these finite element results agree with numerical solutions of the modified
Kedem-Katchaslsky equation derived from the multiphasic framework (Ateshian et al., 2006)
(transient results not shown here, but similar to those of (Ateshian et al., 2013)), thus
verifying the implementation of the multiphasic shell element in this problem. This transient
volume change is produced by fluid flux across the membrane. The steady-state results agree
exactly with the Boyle-van’t Hoff (ideal osmometer) relation for osmotic loading, for both
tested solutions (Figure 3.5a); these were also consistent with the experimental results for
osmotic loading of chondrocytes with NaCl reported by Albro et al. (Albro et al., 2009).
In contrast, the membrane potential responses were found to be different when the os-
molarity was increased with NaCl versus sucrose. Both osmolytes produced a transient
response in   , which subsequently reached a steady state (see Figure 3.5b for a representa-
tive osmotic loading/unloading sequence). With NaCl, the steady-state membrane potential
remained invariant to osmotic loading, returning to the same value with each change in ce;
with sucrose however, the steady-state value of  increased with increasing ce (Figure 3.5b).
Thus, hyper-osmotic loading with sucrose led to depolarization of the cell, as summarized
over a range of cer/ce values (Figure 3.5c). These types of responses have not been inves-
tigated thoroughly in the experimental literature, with only limited reports of membrane
potential changes under osmotic loading Sánchez and Wilkins (2004), none comparing the






NaCl Na Cl pe cer/ce sucrose
600 300 300 -1486.5432 0.5 300
400 200 200 -991.0288 0.75 100
350 175 175 -867.1502 0.85714286 50
250 125 125 -619.393 1.2
200 100 100 -495.5144 1.5
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time Na+Cl+K 6.10398 -53.419
1 0.1 300 6.98318 -54.8401
10 1 600 7.58543 -55.6061
500 10 600 8.15359 -56.3688
510 1 400 8.80812 -57.2764
1000 10 400 9.53174 -58.261
1010 1 300 10 -58.8714
1500 10 300 12.6231 -58.3725
1510 1 260 16.7216 -57.2865
2500 10 260 22.0004 -55.9508
2510 1 220 28.2234 -54.4879
3500 10 220 34.0388 -53.1825
3510 1 180 40.6911 -51.808
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Figure 3.5: (a) FEBio Steady-state results for the cell volume ratio, Jcell = V/Vr, plotted
versus cer/ce, produce an identical straight line for osmotic loading by either NaCl or glucose,
consistent with the Boyle-van’t Hoff (Boyle) relation for an ideal osmometer. Model results
agree with experimental data for osmotic loading of a chondrocyte with NaCl by Albro et
al. (Albro et al., 2009) (Albro09). (b) Cell membrane potential   versus time, for hyper-
osmotic loading starting from homeostatic conditions (cer/ce = 1/2, 1  t  500 s) followed
by unloading (cer/ce = 1, t>500 s), using either NaCl or sucrose. Both osmolytes produce
a   response that achieves a steady state value; steady-state   remains unchanged for
NaCl, but increases with hyper-osmotic loading with sucrose. (c) Equilibrium membrane
potential   over a broad range of external NaCl and sucrose osmolarities cer/ce; results for
sucrose demonstrate increasing depolarization with increasing osmolarity ce.
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3.3.3.3 In Situ Idealized Chondrocyte under Cartilage Deformation
This problem tests the multiphasic cell model when embedded in a multiphasic charged tissue
subjected to mechanical compression, to observe the chondrocyte physiological response
in situ. The multiphasic cell model described in the previous sections is replicated and
embedded inside a multiphasic hollow spherical domain representing the pericellular matrix
(PCM , thickness= 5µm), and a multiphasic cylindrical plug representing the extracellular
matrix (ECM, diameter= 3000µm, height= 1000µm). We let E = 500 kPa and ⌫ = 0 for the
neo-Hookean solid ground matrix of the ECM (Soltz and Ateshian, 2000), with a referential
fixed-charge density cFr =  100mEq/ml representing the proteoglycan charge (Ateshian
et al., 2009), and a random fiber distribution with power-law strain energy function (↵ = 0,
  = 2.15, ⇠ = 0.5MPa) representing the collagen fibrils (Hou and Ateshian, 2016). The PCM
has a softer solid matrix than the ECM (neo-Hookean ground matrix with E = 200 kPa and
⌫ = 0), a higher fixed-charge density magnitude (cFr =  200mEq/ml), and same fibrillar
response (Wilusz et al., 2014). The hydraulic permeability of the PCM and ECM is taken
to be isotropic, with k = 1µm4/nN · s (Soltz and Ateshian, 2000). The diffusivities of ions
are set equal to those described in Section 3.3.3.2.
For this analysis, we use a 3D axisymmetric model (a wedge spanning five degrees cir-
cumferentially), representing only the top half of the cell-in-cylindrical plug tissue model to
account for the mid-plane symmetry; the cylindrical plug is loaded in unconfined compres-
sion, by prescribing a downward displacement on the top surface while allowing free lateral
expansion and free draining across the lateral surface (Figure 3.6a). The cell cytoplasm,
PCM and ECM are meshed using hex8 elements, except for penta6 elements near the axis of
symmetry; and the cell membrane is meshed using quad4 elements. Axisymmetry is enforced
by applying a symmetry plane constraint on the rotated surface of the wedge.
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Figure 3.6: (a) Finite element mesh for idealized in situ model of chondrocyte surrounded by
its PCM and ECM. (b-d) Variation in average electrical potential  and membrane potential
  , and racellular and extracellular osmolarities and relative volume J , in response to





(0  t < 1), followed with ramping of PCM and ECM
fixed-charge density from zero to final desired value (1  t < 11) and additional time to
achieve steady state (11 < t  41). Transport properties are artificially increased over this
initial phase to accelerate the steady-state response.
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315 elements. At the start of the analysis, in the reference state, all fixed charge densities are
set to zero and ion effective concentrations are set to be in equilibrium with the prescribed
external bath conditions (Section 3.3.3.2). The desired intracellular ion concentrations are
then achieved over 0  t  1, following the description in Section 3.3.3.2. Then, to produce
a homeostatic state for the unloaded cartilage, the fixed-charge density is ramped linearly
from zero to the desired values cFr , over a time frame of 10 s, and the model is allowed to
reach a steady-state response over an additional 30 s, by artificially increasing the hydraulic
permeabilities and diffusivities by a factor of 102 for all domains, except the membrane,
where a factor of 106 was used (0  t  41). After achieving the homeostatic unloaded
swollen state (t = 41), all transport properties are returned to their desired values; the top
surface of the ECM is subsequently displaced downward to achieve 30% compression over
200 s (41 < t  241), then held constant until stress relaxed to equilibrium (t = 6000).










in the intracellular space (0  t  1),
the cell membrane potential   decreases to the Nernst potential of Cl  (  =  41mV),
similar to the results observed for the isolated cell model in Section 3.3.3.2 (Figure 3.6b).
However, as the fixed-charge density is decreased from 0 to the desired cFr in the PCM
and ECM (1 < t  41), the PCM concentration of [Cl ]e decreases accordingly, causing
 e to drop from 0 to  13mV in the PCM, while  i equilibrates to  43mV, resulting in
a membrane potential   =  30mV. We conclude from this result that the membrane
potential of a chondrocyte in situ is higher (more depolarized) than ex situ, due to the
negatively charged solid matrix. This model does not account for the hypothetical possibility
that active transmembrane transport mechanisms may return   to the value observed in
isolated cells; however, to the best of our knowledge, no experimental studies have yet
reported   of articular chondrocytes in situ within a charged PCM.
As expected from Donnan effects, the increasing magnitude of the negative fixed-charge
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density in the PCM and ECM (1  t  41) causes a concomitant influx of cations and anions
to satisfy electroneutrality, increasing the average ECM and PCM osmolarities to 313mM
and 338mM, respectively, at t = 41 (from their initial value of 300mM, Figure 3.6c). The re-
sulting gradient in osmolarity, relative to the external bath, causes an influx of fluid, swelling
the tissue to produce an average volume ratio J = 1.12 in the ECM and J = 1.25 in the
PCM at t = 41 (Figure 3.6d). This PCM swelling leads to a slight increase in the cell relative
volume, to J = 1.03, thus a slight dilution of intracellular osmolarity to 286mM, as none of
the intracellular ions could transport across the membrane. (Even though the membrane is
permeable to Cl , this ion cannot transport across the membrane by itself, as that would
violate electroneutrality in the membrane.) This homeostatic (unloaded, swollen) state rep-
resents the initial condition prior to prescribing compression (t = 41).
Upon compression, the averages of the relative volume J of the cell, PCM and ECM all
decrease due to interstitial fluid exudation from all these domains (Figure 3.7a); at steady
state, ECM and cell exhibit the greatest reduction in J . Due to the increased fixed-charge
density produced by this loss of volume, the osmolarities of these domains concomitantly
increases (Figure 3.7b), and the electric potential of the PCM and ECM decreases (becomes
more polarized, Figure 3.7c). As a result of the reduction of  e to ⇠  17mV in the PCM,
the cell membrane potential   increases (depolarizes) to ⇠  20mV at stress-relaxation
equilibrium. These combined results suggest that the membrane potential of chondrocytes
that are embedded in a highly negatively charged PCM becomes depolarized with increasing
PCM fixed-charge density. Since experimental data on the membrane potential of chondro-
cytes in situ are limited, these model results may serve as a motivation for future experiments
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Figure 3.7: Transient response of idealized in situ model of chondrocyte to compressive
loading by 30% (41  t < 241) followed by stress-relaxation (241  t  6000). (a-c) Relative
volume J , net osmolarity, electrical potential and membrane potential, averaged over the cell,
PCM and ECM. All compartments reduce in volume and increase in osmolarity due to fluid
exudation; the cell is further depolarized with sustained compression.
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3.3.3.4 Image-Based Model of Multiple Chondrocytes in Situ under Deforma-
tion
This problem tests the ability to convert image-based segmented data into cell-tissue finite
element models containing multiple cells and their membranes. The images were acquired
from a ?3mm⇥ 1mm cartilage plug harvested from the deep zone of the articular layer of
a juvenile bovine knee joint (3 months old). The cylindrical plug was halved diametrically
and imaged through the resulting rectangular cross-section. The sample was incubated in
physiological buffered saline (Sigma-Aldrich, St Louis, MO) with 5µM calcein-AM (Sigma-
Aldrich) at 25 ºC for 40 min, then imaged using an Olympus FV1000 confocal laser scanning
microscope (Olympus America, Center Valley, PA) to extract fluorescence Z-stack images
(494/517 nm), from 20µm to 80µm depth from the sectioned surface, with 30 intervals (2µm
per interval). Image stacks were segmented in FIJI (NIH, imagej.net/Fiji), and a mesh file
(in STL format) representing cell boundaries was generated using its 3D viewer plugin. The
mesh data was smoothed and refined using Meshmixer (www.meshmixer.com, Autodesk,
San Rafael, CA).
Three cells were chosen from the processed mesh file. The procedure to create the
mesh relied on back-and-forth file exchanges between the CUBIT mesher (version 13.2, cu-
bit.sandia.gov) and the FEBio preprocessor program PreView (www.febio.org). The STL file
of cell boundaries was first imported into CUBIT and the interior of the cells (the cytoplasm)
was meshed using tet10 quadratic elements. Using PreView, each cell surface was extracted
to create the shell mesh representing the cell membrane (tri6 elements), assigned a thickness
(10 nm), then reattached to the cytoplasm. Each cell membrane surface was then extruded
by 5µm to generate the corresponding PCM mesh, consisting of penta15 elements. One
octant of a cylindrical plug representing the ECM (?3mm⇥ 0.5mm) was created to enclose
all the cells and their PCMs near the plug center (at a distance of 100µm from each of the
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three symmetry planes); the resulting ECM-only domain was meshed in CUBIT using tet10
elements, exported back to PreView, and attached to the cell-membrane-PCM meshes.
Mesh convergence was verified using mesh refinements. The material properties for the
solid porous matrix, the hydraulic permeability, and the diffusivities of ions are adopted
from the cell-tissue model described in the previous section. The same initial conditions,
boundary conditions, and procedures to achieve the homeostatic state, are also used here.
Starting from this homeostatic state, the top surface of the ECM cylindrical plug is displaced
downward at a constant rate over 200 s, to reach 30% compressive strain, then held constant
to achieve stress relaxation equilibrium.
The results of this analysis are substantially similar to the idealized model described in
the previous section (Figure 3.6 & 3.7). The three cells exhibit similar cell relative volume
and membrane potential (Figure 3.8b), despite of the moderate differences in cell sizes and
morphologies, and the inclusion of three cells in close proximity. This example illustrates
the convenience of using shell elements to model cell membranes whose geometry is acquired
from image-based data.
3.4 Discussion
The objective of this study was to develop a formulation and implementation of multiphasic
shell elements in FEBio. A primary objective of this formulation is to provide the ability
to model semi-permeable biological membranes to model cells, or other similar biological
structures like vesicles, mitochondria, etc., which separate internal and external multiphasic
domains. To the best of our knowledge, no prior formulations exist for porous-permeable
shells, thus the results of this study represent a novel contribution to the finite element field
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Figure 3.8: (a) Finite element mesh for image-based in situ model of chondrocytes sur-
rounded by their PCM and ECM. (b) Transient response of the cell relative volumes J and
membrane potential   to compressive loading of the tissue by 30% (41  t < 241) followed
by stress-relaxation (241  t  6000). The responses of the three cells in this image-based
model (Jexp and   exp) are substantially similar to those of the idealized model (Jideal,
  ideal) in Figure 3.7.
Our multiphasic shell formulation is based on the conceptual framework for solid shells
(Parisch, 1995; Miehe, 1998; Klinkel et al., 1999; Vu-Quoc and Tan, 2003), using only nodal
displacement degrees of freedom, without introducing shell directors. Since the primary ap-
plication of this shell formulation is to model biological membranes that are attached to a
solid domain, or sandwiched between two such domains, we did not adopt the common tech-
niques employed with standalone shells to reduce mesh locking, such as the ANS (MacNeal,
1978; Bathe and Dvorkin, 1986) and EAS (Klinkel et al., 1999; Vu-Quoc and Tan, 2003;
Simo et al., 1993) methods. Our multiphasic shell formulation relied on a linear interpola-
tion of the effective fluid pressure p˜ and effective solute concentrations c˜  across the shell
thickness, even when using quadratic interpolations along the shell surface. We verified that
shell mesh locking was not present when attaching a shell domain to an underlying solid
domain (Figure 3.1).
We validated this multiphasic shell formulation against experimental results in cell me-
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chanics. First, we showed that modeling the AFM indentation of a chondrocyte with bipha-
sic cytoplasm and membrane could reproduce the load-relaxation response observed in the
study of Darling et al. (Darling et al., 2006) (Figure 3.3b). This result is insightful because
it shows that the cell volume does not change significantly over the duration of that ex-
periment, yet interstitial cytoplasmic fluid recirculates inside the cell (Figure 3.2b) to cause
localized changes in volume (Figure 3.3a) and produce a viscoelastic response due to the
frictional interaction of the fluid and porous solid matrix. This insight is a direct result of
the ability to model the cell membrane as a porous shell, using a hydraulic permeability
consistent with our prior experimental measurements (Albro et al., 2009).
Next, we examined the challenge of modeling a cell whose intracellular and extracellular
ion concentrations differ, due to the membrane being selectively permeable only to Cl . Since
finite element analyses must be initiated from a reference configuration which is at equilib-
rium (no deformation, and zero solvent and solute fluxes), we adopted a simple method (a
simulated reaction) to adjust the intracellular Cl  until the membrane potential   repro-
duced an experimentally reported homeostatic value (Tsuga et al., 2002). Then, we showed
that the substitution of extracellular Cl  with another anion (glutamate ) reproduced the
variation of   consistent with the Nernst potential of Cl  (verification of the finite element
code) and the experimental results of Tsuga et al. (Tsuga et al., 2002) (validation of the
code, Figure 3.4). Similarly, by examining the response of this chondrocyte model to osmotic
loading with either NaCl or sucrose, we verified the code against the Boyle-van’t-Hoff ideal
osmometer model, and validated it against the experimental results of Albro et al. (Albro
et al., 2009) (Figure 3.5a). We also noted from the model that osmotic loading with sucrose
depolarizes the cell, while loading with NaCl always returns the cell to the same resting
membrane potential at steady state (Figure 3.5b,c). This prediction may be investigated in
future experimental studies.
66
Lastly, we examined the consequence of embedding a chondrocyte within its naturally
charged PCM and ECM environments, using either idealized cell and PCM geometries (Fig-
ure 3.6a), or image-based cell contours (Figure 3.8a). These last two models served as
illustrations of the modeling capabilities made available by the formulation and implemen-
tation of multiphasic shell elements. Here, we were challenged with setting up the model to
achieve homeostatic conditions in the unloaded, swollen cartilage, with the swelling resulting
from the Donnan osmotic pressure produced by the negatively charged proteoglycans in the
PCM and ECM. We chose to first modify the intracellular ion concentrations to produce
the desired   , then we introduced the fixed charges in the PCM and ECM to achieve a
homeostatic unloaded state. Results showed that introducing the fixed-charge density led
to depolarization of the cell relative to its PCM (Figure 3.6b). This effect was exacerbated
by prolonged compression of the tissue, which increases the magnitude of the fixed-charge
density (Figure 3.7c). Alternatively, we could have reversed this order to let the cell achieve
a desired   value after introducing the fixed charge density in the PCM and ECM. Neither
of these choices necessarily reflects the real value of   for chondrocytes in situ, since these
cells may actively regulate their internal cell concentrations depending on their extracellular
environment. Nevertheless, the ability to model the cell and its matrix in this manner allows
to identify the types of questions that could be resolved by experimental measurements.
In summary, this study introduces multiphasic shell elements to model semi-permeable
biological membranes, serving as a useful modeling tool for cell biomechanics and mechanobi-
ology. The finite element formulation produces robust numerical results. Several verification
and validation analyses are reported, which demonstrate the effectiveness of this formula-
tion for passive selective transport across membranes. This implementation is an important
stepping stone toward more elaborate future formulations that can model membrane trans-
porters, using chemical reactions across membranes modeled by such shell elements. From
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a practical perspective, all of these developments are readily available for use by the general
research community, thanks to their implementation in FEBio (febio.org).
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Chapter 4
Modeling Chemical Reactions on
Biological Membranes in FEBio
4.1 Introduction
One of the major challenges in computational biomechanics and biophysics is the require-
ment to model the complex behavior of biological systems at multiple physical scales, with
physical behavior that combines mechanics, reaction/diffusion, and electrokinetics. For cell
mechanics and physiology, it is also important to account for reactions occurring on the cell
membrane, which trigger the transport of various solutes and molecules across it, to model
biological, mechanobiological and electrophysiological processes that depend significantly on
chemical kinetics. These membrane reactions may be triggered by mechanical, chemical or
electrical signals, as in channels that are stretch-activated, ligand-gated, or voltage-gated.
The ability to model membrane reactions in a finite element framework that also accounts for
the mechanics of finite deformations, transport, and chemical kinetics in intracellular and ex-
tracellular domains, may considerably expand the toolbox of bioengineers and biophysicists
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who need to investigate cellular responses to their evolving environment.
Currently, the most comprehensive computational tool available to model cellular physi-
ology and membrane reactions is The Virtual Cell (vcell.org), which was developed by Leslie
Loew and co-workers (Blinov et al., 2017; Moraru et al., 2002; Schaff et al., 1997). This
modeling framework can describe processes in 2D and 3D using the finite volume method.
It presents a highly sophisticated interface for modeling cellular physiology and biophysics,
although currently it does not place an emphasis on modeling solid matrix deformations
and fluid flows that may arise from mechanical and osmotic loading that occur in biologi-
cal tissues and cells. In contrast, FEBio (www.febio.org) is an advanced multiphysics finite
element simulation framework that encompasses nonlinear biomechanics and biophysics of
solids and fluids, fluid-solid interaction, mass transport, chemical reactions, and growth and
remodeling (Maas et al., 2012, 2017; Ateshian et al., 2011, 2013, 2014, 2018). FEBio is tai-
lored to modeling the mechano-electrochemical behavior of living biological systems at the
levels of the macromolecular assembly, cell, tissue, whole organ, and full body.
The primary objective of this study is to formulate membrane reactions in the framework
of reactive mixture theory, and implement them in FEBio. It has been shown previously
that mixture theory encompasses the classical frameworks of elasticity, fluid mechanics, fluid
and solute transport in deformable porous media, and electrokinetics (Truesdell and Toupin,
1960; Bowen, 1976; Lai et al., 1991; Gu et al., 1993, 1998). When the framework is extended
to include reactions, it also encompasses the classical field of chemical kinetics (Eringen
and Ingram, 1965; Bowen, 1969; Ateshian, 2007a). Reactive mixture theory has also been
shown to successfully describe viscoelasticity, by modeling the kinetics of bond breaking and
reformation (Ateshian, 2015); damage mechanics, by modeling the permanent breaking of
bonds (Nims et al., 2016); and the mechanics of growth and remodeling, by accounting for
the exchange of mass among various mixture constituents (Ateshian, 2007a; Ateshian and
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Ricken, 2010; Ateshian, 2011; Ateshian et al., 2014; Myers and Ateshian, 2014). In growth
mechanics, it has been shown that the two classical forms of growth, interstitial and apposi-
tional (Taber, 1995), may be modeled using mixture reactions that describe mass exchanges
in the bulk of a domain (interstitial growth) or on interfaces between domains (appositional
growth) (Ateshian, 2007a, 2011).
Using a mixture framework, reactions on cell membranes are thus conceptually similar
to reactions that describe appositional growth. In other words, the same fundamental equa-
tions that have been derived previously to describe reactive interfaces may be used to model
membrane reactions. In this study, we demonstrate that the resulting mixture theory for-
mulation is fundamentally equivalent to the classical chemical kinetics description employed
in the field of cellular physiology and biophysics (Weiss, 1996; Keener and Sneyd, 2009). We
also address the challenge of modeling the variety of transport mechanisms that are known
to occur across cell membranes, using the mixture framework presented here. Specifically, we
discuss the distinction between passive transport across the membrane and across channels,
as well as transport mediated by carriers and pumps. We also address the phenomenon of
active momentum supply that emerges from the application of mixture theory, which was
previously proposed to model pumps in a mixture theory framework (Ateshian et al., 2010c),
and describe how this mechanism is better suited for modeling active transport in the bulk
of a domain. Finally, we proceed to examine a select number of canonical problems in mem-
brane transport, which verify the finite element implementation of our reactive membrane




In the first two sections below, we review the equations of momentum and mass balance
within a domain, for the solvent and solute constituents of reactive mixtures, implemented
in FEBio as multiphasic domains. Then, in the sections that follow, we describe the jump
conditions for momentum and mass across a reactive interface and we discuss the difference
between dissipative and non-dissipative interfaces, and the implications of this distinction in
a finite element implementation.
4.2.1 Multiphasic Theory Within a Domain
In a standard multiphasic medium, the interstitial fluid consists of a solution of solvent and
solutes, which transports through the porous solid medium. Isothermal conditions prevail.
The solvent, which is electrically neutral, has a mechano-chemical potential µ˜w given by










where p is the fluid pressure, c  is the molar concentration of solute   (per fluid volume),
⇢wT is the solvent true density (which is constant for intrinsically incompressible solvent),
R is the universal gas constant, ✓ is the absolute temperature,   is the osmotic coefficient
which needs to be formulated as a constitutive function, p0 is the fluid pressure and µw0 is the
chemical potential in the solvent standard state. This expression is formulated from classical
physical chemistry, with the understanding that any number of solutes   are present in the
solution.
In multiphasic theory, we assume that solutes occupy a negligible volume fraction in the
solution, so that their mechanical potential is negligible. Thus, their mechano-electrochemical
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potential (in units of energy per mass) reduces to the electrochemical potential,







+ z Fc (    0)
◆
, (4.2.2)
where M  is the solute molar mass, ˆ  is its effective solubility in the mixture (given by a
constitutive function), z  is its charge number,  is the electrical potential in the medium
and  0 is the reference electrical potential, Fc is Faraday’s constant, c 0 is the concentration
and µ 0 is the chemical potential in the solute standard state.
When inertial forces and body forces other than the Lorentz force are neglected, the
momentum balance for the solvent and solutes simplifies to
  ⇢  grad µ˜  + pˆ d = 0 , (4.2.3)
where µ˜  is the mechano-electrochemical potential of fluid constituent   = w,   and pˆ d is
the dissipative momentum supply to constituent   due to interactions with all other mixture
constituents. In the case of the solvent, the apparent density ⇢w is related to the true solvent
density according to ⇢w = 'w⇢wT , where 'w is the solvent volume fraction. For solutes, their
apparent density ⇢  is related to their molar concentration c  (per fluid volume) according
to
⇢  = 'wM c  . (4.2.4)
In the absence of reactions, the entropy inequality imposes a constraint on pˆ d , which is




f ↵ · (v↵   v ) , (4.2.5)
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where ↵ spans all mixture constituents, including the porous solid (↵ = s), and f ↵ is a
positive semi-definite symmetric tensor called the diffusive drag coefficient. This relation
describes the net effect of all frictional forces acting on constituent   due to its flow relative
to all other constituents ↵.
In the standard multiphasic mixture model, solute transport may be hindered by frictional
interactions with the solid matrix and the solvent, but solute-solute frictional interactions
are neglected. Thus, the non-negligible diffusive drag coefficients are f w (solute-solvent),
f s (solute-solid), and fws (solvent-solid). As a result of these interactions, we can derive
expressions for the solvent volumetric flux,







d  · grad c˜ 
#
(4.2.6)
and the solute molar flux for each solute  ,
j  = ˜ d  ·























is the effective hydraulic permeability tensor for interstitial fluid flow through the porous solid
matrix, and k is the corresponding value for the solvent alone; d  is the solute diffusivity
tensor through the porous-permeable matrix while d 0I is the corresponding diffusivity in free
solution; ˜  is the partition coefficient of solute  , accounting for electrostatic interactions;
and 'w is the mixture fluid volume fraction (porosity), which depends on the deformation.
Note that 4.2.6 is a generalization of the classical Nernst-Planck equation (Weiss, 1996;
Keener and Sneyd, 2009), which also accounts for the effect of solvent flux on the solute.
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The derivation of (4.2.6)-(4.2.8) is rather involved, but these expressions are obtained by
recognizing that the solvent volumetric flux relative to the solid is given by
w = 'w (vw   vs) , (4.2.9)




v    vs  . (4.2.10)
The transport properties are related to the diffusive drag coefficients according t












In the expression (4.2.6) for w, the effective fluid pressure p˜ represents an alterna-
tive form of the solvent mechano-chemical potential µ˜w, which subtracts out the referential
chemical potential of the solvent,




Note that p   p0 represents a gauge pressure relative to some ambient pressure p0; thus, it
is common to let p0 = 0 so that p represents that gauge pressure. Similarly, the effective
solute concentration c˜  is an alternative form of the solute electro-chemical potential µ˜  that
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subtracts out the referential chemical potential of the solute,
















(    0)
 
(4.2.14)
is the partition coefficient. Here again,     0 represents the electric potential relative
to some reference potential  0; it is common to assume that  0 = 0. Because p˜ and c˜ 
are formulated by subtracting the arbitrary referential chemical potentials, they are more
convenient to use than µ˜w and µ˜  as nodal degrees of freedom in the FEBio implementation
of multiphasic domains (Ateshian et al., 2013). It is also interesting to note from (4.2.13)
that the non-dimensional ratio a˜  ⌘ c˜ /c 0 may be viewed as the effective activity of solute
 ; indeed, for uncharged solutes (z  = 0 and ˜  = ˆ  according to (4.2.14)), a˜  reduces to
the classical physical chemistry definition of the activity a  of a solute (a  = c /ˆ c 0 in our
notation, where ˆ  =  /   is the ratio of the solubility   of the solute in the mixture to
the activity coefficient   ) Tinoco et al., 1995; Mauck et al., 2003.
4.2.2 Reactions Within a Domain
In a reactive mixture framework, reactions (such as chemical reactions, phase transforma-
tions, growth and remodeling processes, bond breaking and reformation, radioactive decay,
etc.) produce mass, momentum and energy supplies to the constituents involved in the re-
action. In the case of momentum and energy, these reactive supplies supplement passive
momentum and energy exchanges between mixture constituents. In a previous study, it was
shown that the active momentum supply generated from a reaction could be used to describe
a membrane pump imparting momentum to a solute to transport it across the membrane,
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against its electrochemical gradient (Ateshian et al., 2010c). This active supply may be
represented by a term pˆa that complements the passive interactions on the right-hand-side
of (4.2.5). In the cytoplasmic domain, this type of active transport could be used to model
cargo-bound motors that supply momentum to transport their cargo, such as those involved
in axonal transport of organelles and proteins using kinesin and dynein motors. In that case,
the reactions driving the motors would still require the use of the axiom of mass balance
to model chemical kinetics. Thus, in a strict sense, reactions may be used to incorporate
both mass and momentum supplies into the standard mass and momentum balance equa-
tions. However, historically in the field of cellular physiology, only chemical kinetics is used
to model ion pumps and other membrane-bound transporters. In effect, the momentum
supplied by such transporters to their transported molecule is being neglected. Thus, to
recover classical equations of cellular physiology, in this study we will similarly neglect the
contribution of active momentum supplies pˆa to reactions on membranes.




+ div (⇢↵v↵) = ⇢ˆ↵ , (4.2.15)
where ⇢ˆ↵ is the mass density supply (per mixture volume) to constituent ↵ due to reactions




↵ = 0. A constitutive relation needs to be provided for ⇢ˆ↵, which typically
depends on the type of reaction being modeled (Ateshian et al., 2014). Using the relations








+ div j  = 'wcˆ  , (4.2.16)
for solute  , where J = detF, F is the deformation gradient of the porous solid ma-
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trix, Ds (·) /Dt is the material time derivative of its argument, following the solid, and
cˆ  = ⇢ˆ /'wM  is the molar concentration supply (per fluid volume) to constituent   from
reactions with all other constituents.
It is also possible to model mixture constituents that remain bound to the solid matrix
which may represent a variety of molecular species, such as specific extracellular matrix
proteins or intracellular cytoskeletal proteins. Since these solid-bound molecules all share




for solid-bound molecule  , where ⇢ r = ⇢ /J is the referential mass density (current mass
per mixture volume in the reference configuration) and ⇢ˆ r = ⇢ˆ /J is the referential mass
density supply.
4.2.3 Jump Conditions Across Reactive Interfaces
In continuum mechanics, jump conditions are needed to formulate allowable boundary con-
ditions across interfaces. These jump conditions are derived from the integral form of the
axioms of mass, momentum and energy balance, evaluated over a judicious combination of
domains that are intersected by a moving interface  , and reduced to an algebraic form.
The general derivation of these axioms is lengthy, especially for the momentum and energy
balance; when applied to reactive mixtures, the resulting derivations become significantly
more complex. Yet, an accurate formulation of the jump conditions for reactive mixtures is
essential for the development of a correct theory for reactions on biological membranes. In
the sections below, we summarize the main results for jump conditions that satisfy momen-






Figure 4.1: An interface   separates two domains ⌦+ and ⌦ . The outward normal to ⌦+
is n.
problems where heat flux and temperature variations are significant; since these conditions
do not prevail in in biology and cell physiology, we do not include derivations of the energy
balance and jump conditions here.) Additional details regarding the derivation of these jump
conditions are provided in Appendix B.
The algebraic form of a jump condition uses a double-bracketed notation, such as [[f ]],
to denote the jump (the algebraic difference) in its argument f across the interface  . The
interface   separates two volumetric domains, which may be denoted by ⌦+ and ⌦  (Fig-
ure 4.1). The outward unit normal to ⌦+ on   is n+ = n; conversely, the outward normal
to ⌦  is n    n. In our notation, [[f ]] = f+   f , where f+ is the value of f on the side of
⌦+ and f  is its value on the side of ⌦ .
4.2.3.1 Momentum Jump
There are two fundamental approaches to modeling a membrane with interfaces: In the first
of these, we may idealize the membrane as a surface domain   and account for momentum
dissipation as solutes and solvent transport across that idealized surficial model of the real
membrane. In this case, the interface   is called dissipative. As detailed in the Appendix,
the momentum jump for fluid constituents (solvent and solutes) on a dissipative interface
reduces to [[µ˜↵]] =  p¯↵d · n/⇢↵ , where ⇢↵  is the value of ⇢↵ in   and p¯↵d is the average
of the dissipative momentum supply pˆ↵d through the membrane thickness. Effectively, this
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jump condition may be viewed as the projection of the momentum balance (4.2.3) along the
normal n and its reduction to an infinitesimally thin domain. In general, as discussed above
for pˆ↵d , the dissipative momentum supply p¯↵d across   may have contributions from passive
frictional drag, as represented in (4.2.5), and active momentum supply p¯↵a as described
previously (Ateshian et al., 2010c), though we choose to neglect p¯↵a in this study.
The primary disadvantage of using a dissipative interface to model membranes in a finite
element formulation is that µ˜↵ (and thus p˜ for the solvent and c˜  for the solutes) is not
continuous across the membrane. In that case, finite element nodes located on   would
need to include two different values, equivalent to µ˜↵+ and µ˜↵ , as nodal degrees of freedom,
whereas nodes located in adjacent volumetric domains V+ and V  would only need to store
a single µ˜↵.
In the alternative approach, we may model the membrane as a volumetric domain (albeit
a thin one), whose mechanisms of momentum dissipation are taken into account by pˆ↵d , as
represented in (4.2.3) and the resulting flux equations (4.2.6) & (4.2.7). Then, we define non-
dissipative interfaces  i and  e on the internal and external surfaces of the membrane. These
interfaces are immaterial analytical representations of the internal and external membrane
boundaries; being immaterial, they do not produce frictional exchanges with the solvent
and solutes transporting across them. (They also do not contribute surface tension.) Thus,
across each of those two interfaces, in the absence of active momentum supply p¯↵a , the
momentum jump condition reduces to [[µ˜↵]] = 0, implying continuity of µ˜↵ across  i and
across  e; however, µ˜↵ may exhibit a non-zero gradient within the volumetric membrane
domain, governed by (4.2.3). Thus, in a finite element implementation, we may model the
membrane using a shell element with a user-specified thickness, and define a different set of
nodal degrees of freedom on  i and  e. Indeed, this type of multiphasic shell implementation
was presented in our previously reported study (see Chapter 3); it is used as the framework
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upon which we implement membrane reactions in the current study.
4.2.3.2 Mass Jump
For reactive mixture constituents, the jump condition derived from the mass balance (4.2.15)
reduces to
[[⇢↵ (v↵   v )]] · n =  ⇢¯↵ , (4.2.18)
where v  is the velocity of the interface  , and ⇢¯↵ is the area density of mass supply to
constituent ↵ from mass exchanges with all other mixture constituents; to satisfy mass
balance over the entire mixture, we must have
P
↵ ⇢¯
↵ = 0. For example, as described
in previous studies (Ateshian, 2007a, 2011), v  may represent the velocity of a reactive
interface such as as the shrinking boundary of a melting ice cube (phase transformation), or
the expanding periosteal surface of a long bone (appositional growth).
In a finite element analysis of reactions on biological membranes, the interface   is defined
on the membrane solid domain, therefore v  = vs. Given (4.2.4) and (4.2.10), the jump
condition for solutes may be reduced from (4.2.18) to
⇥⇥
j 
⇤⇤ · n =  c¯  (4.2.19)
where c¯↵ = ⇢¯↵/M↵ is the area density of molar supply to ↵. In effect, reactions on   that




· n =  c¯  normal to the interface
 . In the absence of reactions involving solute   (i.e., when c¯  = 0), the normal flux of that
solute is continuous across  . Based on standard chemical kinetics (Prud’homme, 2010), we
may relate c¯↵ to a molar production rate per area, denoted by ⇣¯, as
c¯↵ = ⌫↵⇣¯ (4.2.20)
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Here, ⌫↵R and ⌫↵P denote the stoichiometric coefficients of reactants and products, respectively.
Using (4.2.20), the constraint on the mass supplies ⇢¯↵ thus reduces to the familiar requirement
to balance chemical reactions,
P
↵ ⌫
↵M↵ = 0. The mass jump condition (4.2.19) for solutes
now reduces to prescribing the flux
j n =  ⌫  ⇣¯ (4.2.22)
at the interface.
The reactions described in (4.2.21) may also involve membrane-bound molecules (such as
carriers or pumps) whose concentration is given by ⇢ r on a mass basis (mass of   per referen-
tial volume of membrane domain), or c  = hr⇢ r /M J  on a molar areal concentration basis
(mole of   per membrane area in the current configuration), where hr =membrane thick-
ness in reference configuration and J  =membrane areal strain (current area per reference
area). Since these membrane-bound molecules all share the same velocity vs, their molar
flux relative to the solid is zero by definition. Thus, a jump conditions such as (4.2.22) is not
applicable to solid-bound molecules. Instead, they obey the mass balance relation (4.2.17),




  ⇣¯ . (4.2.23)
Since the membrane-bound solutes belong to the solid domain, and since we define the finite
element mesh on the solid domain of a multiphasic mixture, it follows that the material time
derivative Ds (·) /Dt simplifies to the time derivative d (·) /dt.
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In this treatment, it is also assumed here that the solvent (typically water) is not a reactive
constituent on the membrane. The key result of this presentation of jump conditions for the
mass balance on a reactive interface is that (4.2.22) recovers the classical flux relation used
for modeling the substrates of membrane transporters in cellular physiology and biophysics
(Keener and Sneyd, 2009; Weiss, 1996).
4.3 Biological Membrane Reactions in a Finite Element
Formulation
4.3.1 Membrane Reactions
A typical finite element model of a biological membrane includes the domain ⌦m of the
membrane, an internal domain ⌦i and an external domain ⌦e. The interface between ⌦i
and ⌦m is  i, and that between ⌦m and ⌦e is  e (Figure 4.2). The finite element domain
of ⌦m consists of shell elements, whereas ⌦i and ⌦e consist of solid elements. Typically,
each shell element of ⌦m interfaces with one solid element in ⌦i and another solid element in
⌦e. Though shells in FEBio are represented as surface elements, such as 3-node and 6-node
triangular elements (tri3 and tri6 ) or 4-node and 8-node quadrilateral elements (quad4 and
quad8 ), they are internally represented as solid shells with a finite user-specified thickness,
having front and back faces that coincide with  e and  i respectively. Therefore, the nodes
shared by the conjoined solid and shell elements on  i have degrees of freedom p˜i and c˜ i ,
and those shared on  e have degrees of freedom p˜e and c˜ e . (They also respectively share
solid displacement degrees of freedom as addressed in our previous study, see Chapter 3).
The continuity of p˜ and c˜  across either  i or  e is a direct result of the momentum








Figure 4.2: The membrane domain ⌦m is separated from the external and internal domains
⌦e and ⌦i by interfaces  e and  i, respectively. The outward normal n is defined to point
away from ⌦i.
drag) only occur within ⌦i, ⌦m and ⌦e, as modeled with the fluxes given in (4.2.6)-(4.2.7).
Membrane-bound molecules   that may be involved in membrane reactions belong to ⌦m.
They may react with solutes   (substrates) that are in ⌦i and ⌦e. The membrane is op-
tionally permeable or impermeable to those solutes, in which case those solutes may or may
not be present in ⌦m. These distinctions make it easier to contrast this study with the
previously reported FEBio framework for modeling chemical reactions within multiphasic
domains (Ateshian et al., 2014); that earlier formulation incorporated the molar supply in
the mass balance equations (4.2.16)-(4.2.17) for solutes and solid-bound molecules that all
belonged to the same multiphasic domain ⌦. The current study aims to incorporate the
molar flux (4.2.22) as a boundary condition on  i and  e, by involving solutes in ⌦i and ⌦e
and solid-bound molecules in ⌦m.
Since membrane transporters may carry a substrate   from ⌦i to ⌦e or vice-versa, it
becomes necessary to distinguish the internal and external substrate   in a reaction. Thus,





















where E i and E e refer to the molecular species of substrates   in ⌦i and ⌦e , respectively,
and E  refers to membrane-bound molecules in ⌦m. Stoichiometric coefficients are associated
with each of these molecular species when they appear either as reactants or products. In
the finite element input file, users only need to specify non-zero stoichiometric coefficients.
A similar expression may be used for forward reactions. In this implementation, solutes that
only exist in ⌦m are assumed not to be involved in membrane reactions.
Reactions of the form given in (4.3.1) may be used to formulate constitutive relations for
the molar production rate ⇣¯. A common constitutive relation used in textbook presentations
of cellular physiology is the law of mass action, which is typically expressed as a function of
the molar concentrations c↵ of reactants and products (Keener and Sneyd, 2009). For non-
ideal solutions, the law of mass action replaces the molar concentration c↵ with the activity
a↵ (McLean, 1938; Haase, 1987; Baird, 1999). Since membrane reactions often involve ions
whose chemical activity is affected by their electrical charge, it has been been argued that the
effect of this resulting electric potential should also be taken into account (Eisenberg, 2011).
For example, in their textbook presentation of electrogenic exchangers, Keener and Sneyd
(2009) showed that the equilibrium constant of the exchanger reaction is dependent on the
transmembrane potential; from that result, they were able to show that the ion flux through
the exchanger was similarly dependent on the membrane potential. However, the relations
they reported were derived for specific exchangers, lacking the type of generality needed for
a finite element analysis-based approach. From this literature review, it appears that no
clear consensus has yet emerged on a general choice of state variables for the formulation of
constitutive relations for ⇣¯.
Interestingly, in our mixture theory framework, our only available choices for state vari-
ables are those prescribed by the mass and momentum jump constraints. Thus, in addition
to the solid matrix deformation gradient F and the concentration c  of membrane-bound
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molecules in the membrane domain ⌦m, the available state variables are p˜ and c˜  in the in-
ternal and external domains, ⌦i and ⌦e. As discussed in Section 4.2.1, c˜  is directly related
to the concept of solute activity, while also accounting for the electric potential, therefore
using it as a state variable would represent a natural extension of current practice.
For example, for a forward reaction we may choose a constitutive relation of the form







where kF (✓,F, p˜, c˜↵) is the specific forward reaction rate, which we may optionally assume to
depend on the absolute temperature ✓, any desired membrane strain measure derived from
F, the effective fluid pressure on either side of the membrane, with p˜ generically representing
p˜i and p˜e, and any of the concentrations c˜↵, where c˜↵ generically represents the areal molar
concentration c  for membrane-bound molecules, as well as the effective molar concentrations
c˜ i and c˜ e for solutes on either side of the membrane (with units of mole per fluid volume
in the current configurations of ⌦i and ⌦e, respectively). For a reversible reaction, this












where kR is the specific reverse reaction rate, which may also optionally depend on (✓,F, p˜, c˜↵).
4.3.2 Ion Channel
For example, consider a membrane channel C (a solid-bound molecule) which is selective
to ion A. The channel protein does not undergo any conformational change as the ion
passes through. Thus, the reversible reaction describing the transport of the ion through the
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channel is
Ai + C ⌦ Ae + C . (4.3.4)
In this example, ⌫ARi = ⌫CR = ⌫APe = ⌫CP = 1, and ⌫APi = ⌫ARe = 0. It follows from (4.3.3) that




, where cC is the concentration of open channels, and we assumed that
the forward and reverse specific reaction rates are the same, kF = kR ⌘ k. Using (4.2.22)
and recognizing that ⌫Ai =  1 and ⌫Ae = 1, we find that






where n (the direction of jAn ) is the outward normal to ⌦i on  i. Thus, the flux of A
is proportional to the channel density cC ; it is outward when c˜Ai > c˜Ae and it reduces to
zero when c˜Ai = c˜Ae (when the transmembrane potential equals the Nernst potential of ion
A). This relation shows that when a channel blocker is used, the concentration cC of open
channels may go to zero, thus shutting off the flux of ion A. For voltage-gated channels, the
concentration cC may vary with the transmembrane potential   =  i    e, which is given
in the ratio x = c˜Ai /c˜Ae . Therefore, we may combine the product k cC into a reaction rate
kC (x) ⌘ k cC . (4.3.6)
The ionic current density through the channel is given by
IAn = Fcz
AjAn = Fcz
Ac˜Ae kC (x) (x  1) , (4.3.7)
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and the ionic conductance density gA for this channel may be evaluated by differentiating








C (x) (x  1) + kC (x)] x (4.3.8)
Looking at the expression for gA in (4.3.8), we may now compare it to experimental
measurements of channel conductance. For example, in the rabbit articular chondrocyte,
Tsuga et al. (2002) reported a nearly constant value for gCl as   was varied from  30mV
to +30mV (see their Fig. 4). A constant value of gA allows us to solve the first-order
differential equation (4.3.8) for kC (x), and we let the integration constant be zero for a











Substituting this expression into (4.3.7) and making use of (4.2.13)-(4.2.14) produces a linear
current-voltage relation that reduces to zero when the membrane potential equals the Nernst





















is also known as the reversal potential for this channel. A useful byproduct of this analysis
is that the expression for kC in (4.3.9) is proportional to the open-state probability of the
channel, r = cC/cT , as implied by (4.3.6), where cT is a constant representing the total
concentration of open and closed channels. Indeed, the results reported by Tsuga et al.
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(2002) for the open state probability of the chloride channel (their Fig. 5) are consistent
with the behavior predicted by (4.3.9). Thus, we conclude that a channel that exhibits a
linear current-voltage relation is voltage-gated, since the ratio cC/cT varies with   . Of
course, beyond a certain value of   , the ratio r reaches unity and a saturation response
may be observed, where gA is no longer constant. This type of saturation may be deduced
from (4.3.9) by assuming that kC has become constant and gA now varies with c˜Ai and c˜Ae .
These theoretical results and their agreement with experimental data suggest that it is
appropriate to formulate constitutive models for membrane reactions using effective solute
concentrations, to simultaneously account for non-ideal behavior and the influence of the
electric potential.
4.3.3 Facilitated Diffusion
A carrier (an enzyme C) that transports a neutral molecule (a substrate S) across a mem-
brane may be modeled with the following three reversible reactions,
Si + Ci ⌦ Pi ⌦ P ⌦ Se + Ce (4.3.12)
where P is the complex formed when S binds with C; the complex translocates across the
membrane (transition from i to e or e to i) and releases the molecule on the opposite side.
Let kT be the translocation specific reaction rate, which we may assume to be the same
for either direction, whereas k+ is the binding and k  is the unbinding specific reaction
rate, assumed to be the same for reactions 1 and 3. Using the law of mass action for
reversible reactions, (4.3.3), we find that the molar production rates for the three reactions




, and ⇣¯3 = k cPe   k+c˜Se cCe . The corresponding
molar fluxes for molecule S are jSi =  ⇣¯1 and jSe = ⇣¯3. Based on the mass balance (4.2.23)
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= c0, where c0 is the
total areal concentration of carriers in the membrane, in the reference configuration.
4.3.4 Ion Pump
Ion pumps may be modeled as membrane reactions that are driven by an energy supply.
The sodium-potassium pump, also known as Na+   K+   ATPase, arguably represents the
most familiar of these reactions. It pumps K+ into the cell and Na+ out of the cell through
the reaction scheme (Keener and Sneyd, 2009)
ATP+ 3Na+i + 2K
+
e ! ADP+ Pi+ 3Na+e + 2K+i , (4.3.14)
which shows that the pump is activated by the dephosphorylation of adenosine triphos-
phate (ATP) into adenosine diphosphate (ADP) and inorganic phosphate (Pi). The most
widely accepted model to determine the mechanisms of the Na+ K+ ATPase is the Post-
Albers model (Albers et al., 1963; Charnock and Post, 1963), whose scenario is illustrated
in Figure 4.3a. This schematic shows that the pump E binds to two potassium ions in the
extracellular domain, changes its conformation and releases them into the intracellular do-
main, where it then binds to three sodium ions, changes its conformation again and releases
them into the extracellular space. The detailed scenario demonstrates several intermediate








































































































Figure 4.3: Post-Albers model sodium-potassium pump: (a) Full model. (b) Simplified
model.
the latter model in the analyses of this study.
Starting with the state Ee · 2K, the ATPase reacts with ATP to translocate into Ei · 2K,
releasing Pi in the process. Then, the complex releases its two K+ and gains three Na+ in
the intracellular space to become Ei · 3Na. The release of ADP translocates the ATPase
to the state Ee · 3Na, which then loses three Na+ and picks up two K+ outside the cell to






i   k 1cE·2Ki c˜Pie ⇣¯2 = k+2cE·2Ki
 
c˜Nai
 3   k 2cE·3Nai  c˜Ki  2
⇣¯3 = k+3c
E·3Na
i   k 3cE·3Nae c˜ADPi ⇣¯4 = k+4cE·3Nae
 
c˜Ke
 2   k 4cE·2Ke  c˜Nae  3 . (4.3.15)
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In our implementation of this model we assume that E is electrically neutral, so thatE · 2K
has a net charge number +2 and E·3Na has a net charge number +3. Thus, all four reactions




it is necessary to add a negatively charged membrane-bound molecule, not involved in the
above reactions, whose charge number and concentration are suitably selected to enforce this
electroneutrality constraint.
4.3.5 Virtual Work and Linearization
For the finite element implementation of membrane reactions, the flux (4.2.22) resulting from
the mass jump condition for solute   must be prescribed as a natural boundary condition at
the internal and external membrane boundaries,  i and  e, representing the back and front
faces of shell elements, respectively. The normal n appearing in (4.2.19) is the shell element
normal, which is the outward normal to the top face,  e.
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As described earlier (Ateshian et al., 2013), multiphasic domains satisfy the electroneu-
trality condition. In FEBio, the solvent is always assumed to be neutral, therefore only
the solutes may carry charges. When the electroneutrality condition is combined with the
axiom of mass balance (4.2.16) for the solutes, we find that the electric current density is
divergence-free, div Ie = 0, where Ie = Fc
P
  z
 j . Numerically, it has been observed that
this constraint on Ie needs to be enforced in the mass balance relation (4.2.16), by replacing




stable numerical solutions for the electric potential  . As shown previously (Ateshian et al.,
2013), when using the method of virtual work, the contribution to the external virtual work






 c˜  j˜ n da , (4.3.18)
where  c˜  represents the virtual molar energy of solute  . Note that the integral is evaluated
either over  i or  e, depending on whether solute   is in ⌦i or ⌦e. Based on (4.2.22), the














Let the parametric coordinates on   be given by (⌘1, ⌘2), then an elemental area da on  







 c˜↵j˜↵n |g1 ⇥ g2| d⌘1d⌘2 , (4.3.20)
where  ⌘ is the parametric space of  .
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A Newton scheme is used to solve the global equations iteratively. In Newton’s method,
the nonlinear equations are linearized about a known configuration using a truncated Taylor
series expansion. This involves the formation and factorization of a stiffness matrix, which
is derived by linearizing these equations along increments in each of the nodal degrees of
freedom u (solid displacement), p˜ (effective fluid pressure) and c˜  (solute concentrations), as
shown for example in Ateshian et al. (2011).












 c˜  j˜ nD (|g1 ⇥ g2|) [ u] d⌘1d⌘2
, (4.3.21)
where D [·] is the linearization operator along a prescribed increment (Bonet and Wood,
















where we chose the areal strain J  (area ratio) on   as the desired measure of strain for
membranes. This areal strain is evaluated from
J  =
|g1 ⇥ g2|
|G1 ⇥G2| , (4.3.23)
where G↵ = @X@⌘↵ are covariant basis vectors in the reference configuration. To evaluate
DJ  [ u], we need









where the outward unit normal in the current configuration may be evaluated from the
covariant basis vectors as
n =
g1 ⇥ g2






@⌘1 ⇥ g2 + g1 ⇥ @ u@⌘2
⌘
|G1 ⇥G2| . (4.3.26)


































 p˜ |g1 ⇥ g2| d⌘1d⌘2 . (4.3.28)











 c˜  |g1 ⇥ g2| d⌘1d⌘2 . (4.3.29)
Any number of user-selected constitutive relations may be adopted for ⇣¯ (✓, J , p˜, c˜↵), which
then determine the exact form of the derivatives of ⇣¯ in (4.3.27)-(4.3.29).
4.3.6 Discretization
As described previously (see Chapter 3), for the solid shell domain we interpolate the dis-
placement u, effective pressure p˜ and solute concentrations c˜  over the parametric space
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⌘ = (⌘1, ⌘2, ⌘3) of the shell domain using





































where the shape functions N±a (⌘) for the shell are related to the shape functions Ma (⌘1, ⌘2)


















Note that the parametric coordinate ⌘3 spans the shell thickness, with ⌘3 = 1 representing
the front face  e(or  + in the notation of this section), and ⌘3 =  1 representing the back











































































Substituting these relations into the virtual work expression in (4.3.20), the discretized
form of the virtual work on each interface is
 G =

























  g±1 ⇥ g±2   ; and j˜± n denotes the effective molar flux of solutes transported across
 ±.






































· n± d⌘1d⌘2 . (4.3.38)






















































These results may be combined in matrix form to produce
D G =

 u+  u   p˜+  p˜   c˜+   c˜+   c˜    c˜  
 
·2666666666666666666664
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
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4.4.1 Cl  Channel in 1D Cell Model
This first model examines the Cl  channel in a one-dimensional (1D) representation of a
cell. This ion channel is modeled as a membrane reaction, as shown in Section 4.3.2. A
physiological cell model is created, with multiphasic cytoplasmic, membrane, and external
solution domains. The cytoplasm contains ions Na+, K+, Cl , InA ; the membrane only
contains a neutral solute SN, to help maintain uniform osmolarity across all domains; and
the external solution includes ions Na+, K+, Cl . Since the membrane domain does not
contain Na+, K+, or Cl , the model does not allow passive diffusion of these ions across the
membrane. Therefore, to provide a common ground for the electrical potential (Ateshian
et al., 2013), two additional ions, denoted by InCA+ and InAN , are added to all three
domains, allowing them to passively diffuse across the membrane according to the molar
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flux relation in (4.2.7).
The multiphasic cytoplasm has a porous solid representing cytoskeletal structures, mod-
eled by a compressible neo-Hookean material (E = 0.78 kPa, ⌫ ⇡ 0) and a constant isotropic
hydraulic permeability (kC = 2.0µm4/nN · s), similar to the chondrocyte model used in
Chapter 3. The multiphasic membrane and external solution have a porous solid modeled
by a nearly-incompressible Mooney-Rivlin material (c1 = 0.25 kPa,  = 250 kPa) and a con-
stant isotropic hydraulic permeability (kM = 7 ⇥ 10 7 µm4/nN · s for the membrane, and
kS = 100µm4/nN · s for the solution). The solid volume fraction is set to 'sr = 0.3 for
the cytoplasm and membrane, and 'sr = 0 for the solution. The diffusivities of ions in the
cytoplasm are assumed to be similar to those in the ECM (dNac = dKc = 5 ⇥ 102 µm2/s,
dClc = d
InA
c = 8⇥ 102 µm2/s), which are half of the values of those in free solution (Freeman,
1979). The diffusivity of SN in the membrane is arbitrarily set to dSNm = 10 4 µm2/s. The
diffusivities of solutes in the external domain are equal to those in free solution. The diffu-
sivities of InCA+and InAN  are equal to those in free solution for all domains, to produce
fast equilibration of the electrical potential.
The ion channel model described in Section 4.3.2 is used here, with constant conductance
density gCl. In the rabbit chondrocyte experiments of Tsuga et al. (2002), the whole-cell
conductance of the Cl  channel was measured to be 218 pS; assuming for simplicity that
these chondrocytes had a radius of 10µm, we can calculate gCl = 1.74⇥ 10 4 nS/µm2.
The finite element model consists of a square shell (1µm2) sandwiched between two cubic
domains (1µm3) to only allow solid deformation and transport of solvent and solutes along
the direction normal to the shell (Figure 4.4). Each cubic domain uses 10 hex8 elements,
with dual biasing to produce mesh refinements near interfaces, and a quad4 shell element
for the membrane (thickness= 10 nm). The initial solute concentrations are cNai = 5mM,
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(a)
Figure 4.4: Finite element mesh and boundary conditions for 1D cell model of Cl  channel.
membrane, and cNae = 145mM, cKe = 5mM, cCle = 150mM in the external solution; in
all three compartments, the initial concentrations of InCA+and InAN  are set to 1µM.
Boundary conditions are applied on the external solution domain to maintain the external
solution ion concentrations at the same level as their initial values.
The finite element analysis is run from time t = 0 to t = 1 s while the Cl  channel is kept
closed, to confirm that initial conditions remain constant under the prescribed boundary
conditions; since diffusion of InCA+and InAN+ is allowed across the membrane, the mem-
brane potential stays zero over this time range. Then, at t = 1 s, the Cl  channel is activated
(the conductance density gCl changed from zero to the desired value) and the finite element
analysis is run until time t = 2 s to examine the transient response until a new steady state is
achieved. Despite the fact that Cl is allowed to transport across the channel, it is found that
cCli and cCle remain constant over that duration, while cInCAi rises to 5µM and cInANi drops to
0.2µM. For the given concentrations of Cl  across the membrane, the membrane potential
decreases from zero to  43mV (Figure 4.5 a), which coincides with the Nernst potential of
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Figure 4.5: (a) Membrane potential decreases from zero to  43mV and coincides with the
Nernst potential of Cl  with Cl  channel activated, and membrane potential increases with
a positive current applied. (b) Current density versus membrane potential in Cl  channel.
achieved using a membrane reaction that models the Cl  channel, as long as counter-ions
(InCA+ and InAN ) exist that can diffuse across the membrane.
Starting from t = 2 s, an electrical current density Ie = FczCljCln is imposed across
the membrane by prescribing various values of the chloride flux, jCln , on the boundary of
the cytoplasmic domain (Figure 4.4). As explained above, the actual method of imposing
this flux is to prescribe the effective flux j˜ n = j n   jCln for all solutes contained in the
cytoplasm. For each increment in Ie, the finite element analysis was allowed to reach steady
state and the membrane potential was recorded. As expected from the analytical expression
(4.3.10), the finite elements results for Ie versus  exhibited a linear relationship (Figure 4.5
b), consistent with the experimental results of Tsuga et al. (2002). These results serve to
verify the finite element formulation against the analytical solution, and validate the finite




This problem examines glucose transport through a carrier transporter that produces fa-
cilitated diffusion. Glucose is fundamentally important in chondrocyte energy metabolism,
and dramatically affects the ECM synthesis of the chondrocyte (Windhaber et al., 2003;
Nims et al., 2014). The transport of glucose across the cell membrane is carried out by the
carrier-mediated transport, while the glucose combines with a carrier protein and transport
from outside to inside of the cell via a conformational change of the protein (Keener and
Sneyd, 2009). The process of glucose transport is illustrated in Figure 4.6, and the governing
equations are described in Section 4.3.3.
The cell model described in Section 4.4.1 is reused here. An additional solute S rep-
resenting glucose is added to the cytoplasm and external solution domains, with mixture
and free solution diffusivities set to dS = 103 µm2/s; and membrane-bound molecules Ce,
Ci, Pi, Pe, are incorporated into the shell domain. The initial glucose effective concen-







e = 1 amol/µm2. To produce glucose transport from the external so-
lution into the cytoplasm, various values of cSe are prescribed as a boundary condition in the
external solution domain during the time span t = 0  1 s. The three reactions described in
(4.3.12) are prescribed as membrane reactions, with k+ = 1mM 1, k  = 1, and kT = 1. The
glucose transporter is activated at t = 1 s.
After increasing cSe to 0.2mM from t = 0 to 1 s, the glucose solute flux jSi in the cytoplasm
jumps to a negative value when the carrier is activated, and subsequently recovers to a steady-
state value of  5.5⇥ 10 6 amol/µm2 · s (Figure 4.6b). The finite element result agrees with
the analytical solution derived from the governing equations in Section (4.3.3), as calculated
in MATLAB, thus verifying the FEBio implementation. With increasing external glucose
concentration cSe , the steady-state response for jSi increases nearly linearly when cSe is small,
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but saturates as cSe further increases (Figure 4.6c). This result, which represents the well-
known saturation of facilitated diffusion (Keener and Sneyd, 2009), agrees with the analytical
solution.
4.4.3 Na+  K+  ATPase with Cl  Leak Channel
In this problem we examine the behavior of the Na+   K+   ATPase ion pump described
in Section 4.3.4 in a simplified cell model that does not include leakage channels for Na+
or K+. Neglecting leakage makes it easier to compare the finite element predictions to an
independent numerical solution of the governing equations, using MATLAB, thus allowing
us to verify the accuracy of the finite element code. The cell model described in Section 4.4.1
is used here, which only included a Cl  channel, to which we add the Na+   K+   ATPase
model.
Initial conditions and boundary conditions are prescribed as in Section 4.4.1. Four pos-
itively charged membrane-bound molecules are also added, Ee · 3Na, Ei · 3Na, Ee · 2K, and
Ei · 2K, with zE·3Na = +3 and zE·2K = +2. A negatively charged membrane-bound molecule
AN is also added to satisfy electroneutrality, with zAN =  10. The initial areal concentra-
tions of membrane-bound molecules are all set to 1 amol/µm2. The Cl  ion channel follows
the model described in Section 4.3.2. The Cl  channel is activated at time t = 1 s and
the membrane equilibrates to the Nernst potential of Cl  by t = 2 s, at which time the
Na+  K+   ATPase is activated and the analysis continues until time t = 11 s.
To further simplify the analysis, we assume that the concentrations of ATP, ADP and Pi
remain constant throughout the analysis; therefore, these solutes are not modeled explicitly
here. Thus, the specific reaction rates for the ion pump are set to k+1c˜ATPi = 1, k 1c˜Pie = 0.1
for the first reaction, k+2 = 8⇥10 3mM 3, k 2 = 4.76⇥10 5mM 2 for the second reaction,
k+3 = 1, k 3c˜ADPi = 0.1 for the third reaction, and k+4 = 0.04mM





































































cr 1 p 0 0.18








1 1 0.333 0.27


























































cr 1 p 0 0.18








1 1 0.333 0.27




































Figure 4.6: Facilitated diffusion model for glucose transporter. (a) Reactions scenario. (b)
Transient glucose flux is inward when extracellular glucose concentration is higher than
inside. (c) Steady-state flux response for various extracellular glucose concentrations, com-
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Figure 4.7: jNan rises and jKn decreases steadily to achieve a steady-state value while Na
+  
K+   ATPase is activated.
for the last reaction. Since the primary purpose of this model is to validate the pump
behavior in the finite element code, these reaction rates are selected judiciously to achieve
two convenient outcomes: (1) to produce a relatively slow pumping rate, so that negligible
changes occur in the cell volume over the duration of the analysis; and (2) to produce zero
initial fluxes for Na+ and K+ (⇣¯2 = ⇣¯4) when the pump is first turned on at t = 2 s.
Results show that the Na+ membrane flux, jNan , rises steadily from zero until it achieves a
steady-state value representing an outgoing flux, with a magnitude of 1.5⇥10 4 amol/µm2 ·s
(Figure 4.7). Conversely, the membrane flux jKn is inward, achieving a steady-state value of
 1 ⇥ 10 4 amol/µm2 · s. As expected, these flux magnitudes obey the stoichiometric ratio
3 : 2. Furthermore, the finite element results agree with the MATLAB numerical solution of
the governing equations, thus validating the finite element code.
4.4.4 Na+  K+  ATPase with Na+, K+ and Cl  Leak Channels
This last problem examines the Na+   K+   ATPase in a cell model that includes leak
channels for the ions that are being pumped. The model used here is an extension of the
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one presented in the previous section, including ion channels (voltage-gated leak channels)
of the type presented in Section 4.3.2 and already used for Cl . All channels are activated
at time t = 1 s; since the presence of additional leak channels produces a longer transient
response than previous models, the Na+   K+   ATPase is activated at t = 100 s and the
analysis is terminated at t = 400 s.
The Cl  channel conductance density is set to the same value as reported in Section 4.4.1.
To properly select the channel conductance densities for the other two leak channels, we
set up the analysis so that the homeostatic (resting, or steady-state) membrane potential
coincides with the Cl  Nernst potential,   = VCl. This choice implies that the Cl 
flux across its leak channel reduces to zero at steady state according to 4.3.10. Now, we
recognize that the net flux jNai represents the contributions of the Na
+ leak channel and
the Na+   K+   ATPase pump; these two contributions must cancel out at steady state,
thus we can write gNa
 
    VNa  =  3Ip, where 3Ip is the Na+ current density from the
Na+   K+   ATPase. The same argument applies to K+, leading to gK      VK  = 2Ip.







 3 (    VK) . (4.4.1)
The Na+ channel conductance density is set to gNa = 1.74⇥ 10 5 nS/µm2, ten times smaller
than that for the Cl  channel, to maintain the dominance of the latter channel (Tsuga et al.,
2002). Then, it follows from (4.4.1) that gK = 2.96⇥ 10 5 nS/µm2.
For the initial conditions employed in this model, when the leak channels are activated
at t = 1 s (before the pump has been turned on at t = 100 s), the membrane potential   
drops from 0 to  39mV; Na+ and Cl  both start leaking into the cell, as indicated by the
negative values of jNan and jCln , whereas K
+ leaks out of the cell (Figure 4.8a); these flux
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directions are consistent with the gradients of c˜Na, c˜Cl and c˜K, as may be construed from the
plots of actual solute concentrations (Figure 4.8b) and the membrane potential (Figure 4.8c).
Despite the sustained leakage,   decreases by less than 0.5mV during this time. When the
Na+  K+  ATPase is activated at t = 100 s, the electrogenic pump further depolarizes the
cell, eventually reaching   =  42mV (also equal to VCl). The leakage fluxes are rapidly
countered by the pump, eventually settling to a net flux of zero for all three ions. Throughout
this analysis, the cell volume exhibited negligible change (less than 0.5%).
The results of this analysis demonstrate that our implementation of membrane reactions
in FEBio is capable of reproducing a basic pump-leak model for a chondrocyte-like cell.
4.5 Discussion
The main objective of this study was to formulate membrane reactions in the modern frame-
work of reactive mixture theory, and implement them in the FEBio open-source finite ele-
ment software. Since the classical equations used in cellular physiology find their roots in the
older field of irreversible thermodynamics (Katzir-Katchalsky and Curran, 1965; Haase, 1969;
Groot and Mazur, 1984), it was first necessary to establish the equivalence between these
two related frameworks and establish a common notation. In particular, mixture theory in-
corporates a continuum framework for the porous solid matrix of multiphasic mixtures from
the outset of the derivations, whereas the classical irreversible thermodynamic framework,
as applied to biological cells and tissues, only refers to the presence of solid constituents
implicitly. Therefore, we first reviewed the momentum equations used to derive fluxes in
multiphasic domains, and their relation to the gradient of the mechano-electrochemical po-
tential µ˜  of solvent and solutes. We reiterated earlier reports that µ˜  is more conveniently
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Figure 4.8: Time-dependent response of pump-leak model of chondrocyte: (a) Solute fluxes;
(b) Na+ and K+ concentrations; (c) membrane potential.
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concentrations c˜ , which account for non-ideal physico-chemical behavior as well as electric
potential.
We then presented the argument that reactions on membranes should be modeled using
the jump condition on the axiom of mass balance. This jump condition naturally produced
a flux for each solute that is involved in reactions on the membrane. In contrast, membrane-
bound molecules were shown to be governed by the axiom of mass balance in the membrane
domain. Since this formulation was intended to be integrated into a finite element framework
where the solid matrix may undergo large deformations, it was necessary to pay particular
attention to the proper way of evaluating concentrations of membrane-bound molecules as
a ratio of moles per membrane area in the current configuration (’current area’). This type
of formulation maintained consistency between the units used for the reactive flux of solutes
across the membrane in (4.2.22) (moles per current area·time) and the reactive mass balance
equation (4.2.23) for membrane-bound molecules.
Since membrane reactions have access to solutes   present on either side of the membrane
(in domains ⌦i and ⌦e), constitutive relations for the areal molar production rate ⇣¯ were
formulated in terms of effective molar concentrations c˜ , since momentum jump conditions
stipulate that this variable must be continuous across non-dissipative interfaces. Since this
requirement represented a novel approach relative to the classical cellular physiology litera-
ture, we needed to demonstrate how it remained consistent with classical approaches when
applied to canonical problems such as reactions that model ion channels or facilitated diffu-
sion of neutral solutes. This result was not surprising, since the fundamental basis for the
mixture framework and classical irreversible thermodynamics is the same. Other standard
models, such as stretch-activated channels or channels with transient activations such as
those involved in action potentials, will be implemented in our future efforts.
The finite element implementation of membrane reactions presented in this study is
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novel, as no other open-source or commercial product has reported the incorporation of
such a feature. This implementation was critically dependent on our recent formulation
of biphasic and multiphasic shell elements (Chapter 3), which provided the framework for
modeling reactions in shell domains.
A series of test problems was reported, which verified the implementation against al-
ternative solutions of the governing equations. Though the test problems reported in this
study range from low to moderate complexity, the general finite element framework that was
implemented makes it possible to also solve models with far greater complexity, including
any number of reactions occurring simultaneously on the membrane and in the internal and
external domains, accompanied by mechanical loading and osmotic loading.
In summary, the primary objective of this study was successfully achieved and the FEBio
finite element modeling software now incorporates an essential feature for modeling physio-




This dissertation has provided a comprehensive set of tools to model the mechanics and phys-
iology for isolated cells and cells in situ. We used chondrocytes in articular cartilage as the
model cells, and we have shown that the complex mechanical and chemical properties of the
surrounding extracellular matrix (ECM) may play a major role affecting cell mechanical and
physiological responses. Since chondrocytes have a critical role in maintaining the integrity
of the ECM, their mechanobiological responses become an important field of investigation,
which can be explored more thoroughly with the tools developed in this dissertation. The
main conclusions from the studies in this dissertation are summarized below.
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5.1 A Gauss-Kronrod-Trapezoidal Integration Scheme for
Modeling Biological Tissues with Continuous Fiber
Distributions
One of the salient characteristics of biological soft tissues is that their matrix contains fibers
or fibrils that primarily sustain tension. This fibrous structure confers properties to these
biological tissues that cannot be reproduced accurately with non-fibrous anisotropic models.
Therefore, to capture the salient structure-function relationships of these soft tissues, it was
essential to develop an efficient numerical integration scheme for calculating the stress tensor
and strain energy density in models with continuous fiber distributions. The efficiency of this
integration scheme resulted from the application of fundamental concepts in the tensorial
nature of strain, allowing us to determine the directions along which fibers are subjected to
tension and ignore the complementary domain. We uses Gauss-Kronrod quadrature across
the latitudes and the trapezoidal rule across longitudes for the integration, which we termed
the GKT scheme. We compared the GKT scheme against the most commonly used inte-
gration method, the finite element integration (FEI) scheme, which employs uniformly (or
nearly-uniformly) distributed integration points on the sphere. The FEI scheme has three
major drawbacks: the usual need of high number of integration points to achieve sufficient
accuracy, a waste of integration over the domain where fibers are not in tension, and a
discretization error when insufficient integration points span the domain with tensed fiber
bundles. The GKT scheme overcame the second and third drawbacks completely, and miti-
gated the first drawback significantly.
The results of this study showed that the GKT scheme needs fewer integration points to
achieve the same accuracy as the FEI scheme in all cases, including various choices of non-
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linear fiber responses and fiber distribution densities in the representative strain states, with
both coupled (compressible) and uncoupled (nearly-incompressible) strain energy density
formulations. The smaller value of integration points translated into reduced computational
time, despite the fact that the GKT scheme required the additional evaluation of eigenvalues
and eigenvectors of the strain. The GKT scheme was less sensitive to the nonlinearity of the
fiber stress response than the FEI scheme when the tensed fibers spanned a smaller domain
of the integration sphere. Both schemes were sensitive to the orientation of the principal
direction of transversely isotropic fiber distribution, though the GKT scheme consistently
performed better than the FEI scheme. The GKT scheme could also maintain the symme-
try of the stress distribution in symmetric problems, while the FEI scheme could break the
symmetry with some unequal discretization.
In summary, the GKT scheme introduced in this study offered a more efficient computa-
tion when calculating the stress response of solid mixtures with continuous fiber distributions,
compared to the conventional FEI scheme in a range of analyses that examined nonlinear
and anisotropic fiber responses, with compressible and nearly incompressible material.
5.2 Finite Element Formulation of Multiphasic Shell El-
ements for Cell Mechanics Analyses in FEBio
In this second study, we developed a novel formulation of multiphasic shell elements and
implemented it in FEBio. A primary objective of this study was to provide a tool to model
porous biological membranes, such as the cell membrane or other similar subcellular struc-
tures. This formulation was based on the framework of solid shells, which uses the nodal
displacement degrees of freedom of the front and back faces of a virtual thin solid. With
this formulation, it became straightforward to envelop a domain of solid elements with shell
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elements, or separate two solid elements domains with a shell domain, as commonly needed
for modeling biological membranes. Since biological membranes exhibit material proper-
ties in the same range as the cytoplasmic or extracellular domains, we showed that it was
not necessary to adopt the complex and computationally inefficient techniques commonly
used to reduce mesh locking, such as the ANS and EAS methods. The multiphasic shell
employed linear interpolation of the effective fluid pressure p˜ and effective solute concentra-
tions c˜  across the shell thickness, which could accommodate the standard assumption in
cellular physiology that the mechano-electrochemical of solvent and solutes across biological
membranes may vary linearly along their thickness.
We validated this multiphasic shell formulation against several experimental results in
cell mechanics and physiology. First, by modeling the chondrocyte as a biphasic cytoplasm
enveloped by a biphasic membrane (biphasic shell), we demonstrated that we could repro-
duce the load-relaxation response of the AFM indentation of a chondrocyte observed by
Darling et al. (2006), with better agreement than the viscoelastic model adopted by those
authors. An insightful finding from this model was that the recirculation of cytoplasmic
fluid in the cell produced the characteristic viscoelastic response as the cell was indented.
Next, we were able to successfully model the cell as a multiphasic cytoplasm enveloped by
a multiphasic membrane, permeable only to Cl . This simple model successfully predicted
the experimental findings of Tsuga et al. (2002), as the intracellular and extracellular con-
centrations of Cl  were varied. It could reproduce the variation of the membrane potential
  consistently with the Nernst potential of Cl , verifying the implementation and vali-
dating it against those experiment results. The same model could predict the response of
the chondrocyte to osmotic loading with NaCl or sucrose, reproducing the Boyle-van’t-Hoff
ideal osmometer model, which was also validated it against the experimental results of Albro
et al. (2009). Lastly, we examined the responses of chondrocyte embedded in their in situ
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environment, consisting of a charged PCM and ECM, using either idealized geometries or
image-based cell contours. With the incorporation of the fixed charge density in the extra-
cellular domains, we showed that the cell becomes depolarized by the increasing electrical
potential of the PCM. Similarly, with increasing compression of the PCM and ECM, the
cell membrane potential and cell volume responses were further depolarized. These types
of investigations are novel and cannot be reproduced by other open-source or commercial
codes. The predictions of these types of models present new opportunities for experimental
investigations and the formulations of mechanistic hypotheses related to cell mechanics and
mechanobiology.
5.3 Modeling Chemical Reactions on Biological Mem-
branes in FEBio
With the successful formulation and implementation of multiphasic shell elements that can
model passive diffusion, it became possible to formulate membrane reactions using the frame-
work of mixture theory, and implementing them in FEBio, for the purpose of modeling
various types of membrane transporters and the dependence of these reactions on mem-
brane potential, membrane strech and osmotic gradients. Considerable effort was devoted
to establishing the equivalence between classical theories of irreversible thermodynamics and
the modern framework of mixture theory, as applied to the subject of membrane reactions.
Mathematical expressions for the transport of solutes across membrane transporters were
derived from the axiom of mass balance across a reactive interface. The membrane-bound
transporters were modeled as solid-bound molecules that belong to the membrane domain,
whereas the solutes they transport across the membrane belong to the intracellular and
extracellular domains. Within the framework of mixture theory, we showed that binding
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reactions on the membrane surface produce a jump on the mass supply across an interface
interface, which results in a reactive flux for each solute that is involved in the reactions. We
formulated and implemented this reactive flux using a generalized form of the law of mass
action, where the specific reaction rate could also be a function of temperature, membrane
stretch, and solvent and solute mechano-electrochemical potentials.
Since the effective molar concentration c˜  was shown to be continuous across non-
dissipative interfaces in the framework of mixture theory, we decided to adopt c˜  in the
formulation of mass action laws. With this novel approach, an ion channel could be repre-
sent as a simple reaction between intracellular and extracellular ions and a membrane-bound
channel protein. By formulating the reaction rate as a function of c˜ , we demonstrated that
the current generated by the ion channel can be modeled as a linear function of the mem-
brane potential, a relation which is widely accepted in the cell physiology literatures. When
modeling transporters for neutral solutes such as carriers, c˜  reduced to the activity of  , and
the formulation reproduced classical models for facilitated transport. When modeling the
transporters of charged solutes, such as the Na+  K+   ATPase ion pump, the calculation
of the flux using effective concentrations reproduced the voltage sensitivity that has been re-
ported in the literature. We created a physiological pump-leak model of the chondrocyte and
successfully demonstrated that Na+   K+   ATPase can maintain cell homeostasis. Other
standard models, such as stretch-activated channels or channels with transient activations
involved in action potentials will be studied in the future.
In summary, we have successfully formulated and implemented membrane reactions to
represent cell membrane transporters. With this formulation, the membrane transporters can
be modeled using a novel point of view that may capture the complexity of cell physiology
with simpler expressions. This theoretical simplicity may facilitate the formulation and
solution of more complex processes in cell mechanics and physiology, as may now be studied
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with these new tools.
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A.1 Linearization of Virtual Work
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264 gradN+a · k · gradN+b gradN+a · k · gradN b
gradN a · k · gradN+b gradN a · k · gradN b
375 . (A.1.5)
In these expressions,  t is the discrete time increment between the previous and current
time steps. Recognize that   =  pI+ e, where p is the interstitial fluid pressure and  e is
the stress resulting from the solid matrix strain. Thus, C =  p (I⌦ I  2I⌦ I) + Ce is the
spatial elasticity tensor corresponding to   whereas Ce is the elasticity tensor corresponding
to  e. Furthermore, k is the spatial hydraulic permeability tensor whereas K is the spatial
form of the fourth-order tensor representing the tangent of k with respect to the solid matrix
strain (Ateshian et al., 2011, 2010b,a). A clear pattern emerges from the above expressions
for front- and back-face interpolations (involving N±a and their gradients), which shows that
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this degenerated solid formulation for shells with compatible strains can be easily deduced
from the standard formulation for solid elements.
A similar approach may be applied to discretize the external virtual work. Once again,
we illustrate this process for biphasic shell elements. One of the main reasons for selecting
nodal degrees of freedom as front- and back-face positions, fluid pressures and concentrations,
is to facilitate the application of boundary conditions on either of those faces. For example,
when surface forces or fluxes are prescribed on the front face (⌘3 = +1) of the shell, the








































where the integration is performed over the shell front surface. The zeros appearing in
the second and fourth rows of the column vector on the right-hand-side show that there is
no interaction between the front- and back-face degrees of freedom, implying that existing
boundary condition routines formulated for solid elements can be applied virtually unchanged
to handle shell elements. This feature is particularly beneficial for biphasic and multiphasic
contact algorithms, since existing FEBio formulations valid for solid elements (Ateshian
et al., 2010b, 2012b) do not need to be further specialized for shell elements.
For example, for a prescribed normal traction, t = tnn, and prescribed fluid flux wn,
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 wnMaAb · n 0 0 0
















where gˆ↵ is the skew-symmetric tensor whose dual vector is g↵.
A.2 Explicit Bath versus Prescribed Boundary Condi-
tions
In the multiphasic cell models used in this study, the external bath contains Na+, Cl , K+
and, in some cases, sucrose; however, the cell membrane is assumed to be only permeable
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to Cl . Boundary conditions for multiphasic analyses in FEBio (Ateshian et al., 2013) are





where p is the fluid pressure,   is the osmotic coefficient, c  is the molar concentration of
solute  , R is the universal gas constant and ✓ is the absolute temperature. The summation
is taken over all solutes in the mixture. Moreover, for solutes   that are membrane-permeant,







  z  Fc R✓   (A.2.2)
where ˆ  is the effective solubility and z  is the charge number of solute  ; Fc is Faraday’s
constant and  is the electric potential in that domain. (Here, p˜ and c˜  represent essential
boundary conditions. If p˜ is not prescribed as a boundary condition, the corresponding
natural boundary condition is that the fluid flux is zero across that boundary. Similarly, if
c˜  is not prescribed as a boundary condition, the molar flux of solute   is naturally equal to
zero across that boundary.)
Thus, for the cell models used in this study, p˜ in the tissue is equated with p˜⇤ in the
bath (⇤ =quantities in the bath), which should be evaluated by taking the summation over
  = Na+, K+, Cl , and sucrose (typically assuming that  ⇤ = 1 in the bath, under ideal
physico-chemical conditions, and p⇤ = 0 for ambient pressure). Moreover, for   = Cl  only,
we also prescribe c˜  = c˜ ⇤ , typically assuming that  ⇤ = 0 in the bath (electrical grounding),
and ˆ ⇤ = 1 under ideal conditions.
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A.3 Multiphasic Framework and Nernst Potential
In the multiphasic framework of FEBio, the nodal degrees of freedom include the effective
solute concentration c˜ , which represents an alternative form of the solute electrochemical
potential µ˜ ,










Here, µ˜  has units of energy per mass; M  is the solute molar mass, µ 0 is the chemical
potential, and c 0 is the solute concentration in the solute standard state (which remain
constant for all domains). A comparison of (A.2.2) and (A.3.1) shows that








The flux equations in multiphasic theory are given by Ateshian et al. (2013)







d  · grad c˜ 
#
(A.3.3)
for the solvent volumetric flux, and
j  = ˜ d  ·























is the effective hydraulic permeability tensor for interstitial fluid flow through the porous solid
matrix, and k is the corresponding value for the solvent alone; d  is the solute diffusivity
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tensor through the porous-permeable matrix while d 0I is the corresponding diffusivity in
free solution; and 'w is the mixture fluid volume fraction (porosity), which depends on the
deformation.
The fluxesw and j  are zero when grad p˜ = grad c˜  = 0; thus, under zero-flux steady-state
conditions (commonly described as equilibrium conditions), p˜ and c˜  are uniform across do-
mains that share the solvent and solutes  . In particular, for   = Cl  across the chondrocyte
membrane, we may write c˜ i = c˜ e , where i and e denote the intracellular and extracellular
domains, as usual. Based on (A.3.2), this relation is equivalent to µ˜ i = µ˜ e , which is the clas-













where   =  i    e is the Nernst potential of  , which is also the membrane potential
in this model, since   = Cl  is the only membrane-permeant ion. (Classical textbook
formulations (Keener and Sneyd, 2009) assume ideal physico-chemical conditions, in which
case ˆ i /ˆ e = 1.)
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Appendix B
Mass and Momentum Jump Conditions
Across Interfaces
B.1 Interface Jump Conditions
Interface jump conditions are needed to impose valid boundary conditions in any boundary
value problem in continuum mechanics. These jump conditions are derived from the same
balance axioms that produce the governing differential equations. In some applications the
interface represents a material region, such as a membrane separating two fluids, whereas in
other cases it is an immaterial surface, such as the boundary surface between a solid and a
fluid, or a shock wave in a compressible fluid. To derive general interface jump conditions
we must thus allow that interface to move and deform.
Let the interface   move at a velocity v  in the continuum and let the normal to   be
denoted by n  (Figure B.1). We define a region V✏ about   as the thin volume extending along
±n  by a total thickness ✏. The boundary surfaces of V✏ are  +, with outward normal n+,   
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Figure B.1: Moving interface  .
Let f (x, t) represent a material function per mass, and consider that the material density is









f ⇢✏ dS = 0 , (B.1.1)
since the elemental mass ⇢✏ dS goes to zero in that limit. Alternatively, consider that F (x, t)









F ✏ dS =
ˆ
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represents the material function per area. Depending on the process being considered, F¯
may or may not be negligible.




f · n dS =
ˆ
 +
f+ · n+ dS +
ˆ
  
f  · n  dS +
ˆ
 ✏
f✏ · n✏ dS , (B.1.4)
where f+, f  and f✏ are the values of f on  +,    and  ✏, respectively. In the limit as ✏! 0
we note that the surfaces  + and    collapse onto  , so that f+ · n+dS ! f+ · n  dS and
f  · n dS !  f  · n  dS. On the lateral surface  ✏, we note that the elemental area may be
written as dS = ✏ ds, where ds is a path variable along the contour curve @ . Therefore, as




has the units of f per length and n is the normal to @ . We may now write the above integral





f · n dS =
ˆ
 
[[f ]] · n  dS +
ˆ
@ 
f˜ · n ds , (B.1.6)
where
[[f ]] ⌘ f+   f  (B.1.7)
represents the jump in f across  .
B.2 Mass Balance Jump
Consider the region V✏ of infinitesimal thickness ✏ that surrounds  . The outward normal to
 + on @V✏, which is needed to evaluate fluxes across that surface, is opposite to the outward
normal n+ of @V+ on  +, and similarly for the outward normal to    on @V✏. Let the velocity





























We now take the limit of this expression as ✏! 0, recalling that  + !  , v+ ! v ,n+ ! n ,





⇢↵✏ dV = lim✏!0
ˆ
 
⇢↵✏ ✏ dS = 0 , (B.2.2)













✏   v✏) · n✏✏ ds = 0 . (B.2.3)









where ⇢¯↵ represents a mass supply of ↵ per area.
Substituting these relations into (B.2.1) and recognizing that the resulting relation must




  · n    ⇢↵   v↵    v   · n  + ⇢¯↵ = 0 (B.2.5)
We may rewrite this expression as




↵   v  (B.2.7)
and [[f ]] ⌘ f+  f . This expression shows that the relative mass flux of ↵ normal to   may
suffer a jump if mass is being supplied (or taken away) from ↵ on  .
As before, we may evaluate the response of the mixture on   by taking the sum of









and equating it to the expression obtained for a pure substance (Eq.(B.2.6) with zero mass
supply),
[[⇢u ]] · n = 0 , (B.2.9)
where
u  = v   v  . (B.2.10)
Equating the expressions of Eqs.(B.2.8) & (B.2.9), the left-hand-sides are consistent with
relations between the density and velocity of the mixture and its constituents. The right-
hand-sides produce a constraint on the interfacial mass supplies of constituents on  ,
X
↵
⇢¯↵ = 0 . (B.2.11)
In other words, the interfacial mass balance relation allows us to analyze reactions that occur
only on the interface  . They may be treated in a manner similar to reactions that occur
over the domain V . Thus, constitutive relations must be provided for the individual mass
supplies ⇢¯↵, such as the law of mass action in the case of chemical reactions.
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Appendix C
Momentum Jump Across Moving
Interfaces
To formulate the linear momentum jump condition across a moving interface   we use the
same approach as for the mass balance in Section B.2. The integral form of the momentum


































T↵+ · n+ dS  
ˆ
  
T↵  · n  dS +
ˆ
 ✏


























































⇢¯↵v↵  d  linear momentum supply from mass supply to ↵





T↵✏ · n✏ dS = lim✏!0
˛
@ 













and t¯↵ = div T¯↵, evaluated as the two-dimensional divergence operator on the surface  .
Combining all these results, and recalling that  + !  , v+ ! v , n+ ! n ,    !  ,




















T↵+ · n  d +
ˆ
 












Recognizing that this integral relation must remain valid for arbitrary surfaces  , we find
that the jump condition reduces to





   · n+ +T↵  · n    ⇢↵   v↵  ⌦  v↵+   v    · n 
  t¯↵   p¯↵   ⇢¯↵v↵  = 0
Letting n ⌘ n+ =  n  and using the double bracket notation, the expression in (a) reduces
to
[[T↵   ⇢↵v↵ ⌦ u↵ ]] · n = t¯↵ + p¯↵ + ⇢¯↵v↵  (b)
We may now multiply the mass balance jump, Eq.(B.2.6), by v  on both sides and add the
result to (b) to produce our final expression,
[[T↵   ⇢↵u↵  ⌦ u↵ ]] · n = t¯↵ + p¯↵ + ⇢¯↵ (v↵    v ) (C.0.3)
The linear momentum jump condition for a pure substance is obtained from Eq.(C.0.3)
by letting internal supplies reduce to zero (p¯↵ = 0 and ⇢¯↵ = 0),
[[T  ⇢u  ⌦ u ]] · n = t¯ (C.0.4)
According to the axiom of mixtures, this expression should be equivalent to the sum of
Eq.(C.0.3) over all constituents,
X
↵
[[T↵   ⇢↵u↵  ⌦ u↵ ]] · n =
X
↵
t¯↵ + p¯↵ + ⇢¯↵ (v↵    v ) (c)
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Noting that u↵  = u↵ + u , and recalling that
P
↵ ⇢
↵u↵ = 0, we find that
X
↵
T↵   ⇢↵u↵  ⌦ u↵  = T  ⇢u  ⌦ u  (d)
Substituting (d) into (c) and comparing the result to Eq.(C.0.4), we conclude that a con-
straint exists on the interface momentum supplies such that
X
↵
t¯↵ + p¯↵ + ⇢¯↵ (v↵    v ) = t¯ (C.0.5)
For an immaterial interface   no traction can be sustained on @ , thus we may set t¯ = 0
and t¯↵ = 0.
C.1 Jump Condition on Mechano-Electrochemical Poten-
tial
In general, we may often find a jump condition of the form [[⇢↵f↵]] in these expressions. We




















⌘ ⇢↵  [[f↵]] + f↵  [[⇢↵]]
, (C.1.1)













We now ask whether it is possible to substitute the mass jump (B.2.6) into the momentum
jump (C.0.3) to cancel out one of the terms. Using the above general relation (C.1.1), we
note that
[[ ⇢↵u↵  ⌦ u↵ ]] · n =   [[⇢↵ (u↵  · n)u↵ ]]
=  ⇢↵  [[v↵]]⌦ (v↵    v ) · n+ ⇢¯↵ (v↵    v )
.
Using this relation, the momentum jump (C.0.3) may be rewritten as
[[T↵]] · n = p¯↵ + ⇢↵  [[v↵]]⌦ (v↵    v ) · n . (C.1.3)
For a multiphasic mixture under isothermal conditions (grad ✓ = 0), if we assume that
the state variables do not include F↵ for fluid constituents, we find that the momentum
balance for the fluid constituents is
⇢↵a↵ =  ⇢↵ grad µ˜↵ + ⇢↵b↵ + pˆ↵d , (C.1.4)
where the dissipative momentum supply is given by
pˆ↵d = pˆ
↵   µ˜↵ grad ⇢↵ + grad ↵ (C.1.5)
and the fluid stress is
T↵ =   (⇢↵µ˜↵   ↵) I . (C.1.6)
We substitute T↵ in the above jump condition (C.1.3) to produce
[[  (⇢↵µ˜↵   ↵)]]n = p¯↵ + ⇢↵  [[v↵]]⌦ (v↵    v ) · n . (C.1.7)
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We then take the dot product of this equation with n to yield
[[ ⇢↵µ˜↵ + ↵]] = p¯↵ · n+ (⇢↵  [[v↵]] · n) (v↵    v ) · n
Now we reconstruct p¯↵ · n from the above expression (C.1.5) for pˆ↵,
ˆ
 



















(p¯↵d · n  µ˜↵  [[⇢↵]] + [[ ↵]]) d 
.
The momentum jump condition normal to n now becomes
[[ ⇢↵µ˜↵ + ↵]] = p¯↵d · n  µ˜↵  [[⇢↵]] + [[ ↵]] + (⇢↵  [[v↵]] · n) (v↵    v ) · n ,
which simplifies to
  [[⇢↵µ˜↵]] = p¯↵d · n  µ˜↵  [[⇢↵]] + (⇢↵  [[v↵]] · n) (v↵    v ) · n .
Using
[[⇢↵µ˜↵]] = ⇢↵  [[µ˜
↵]] + µ˜↵  [[⇢
↵]] ,
the jump condition further simplifies to
[[µ˜↵]] =   1
⇢↵ 
p¯↵d · n  ([[v↵]] · n) (v↵    v ) · n . (C.1.8)
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In other words, the jump in mechano-electrochemical potential is balanced by the dissipative
momentum and specific kinetic momentum jump across  . In most applications in biological
tissues we may neglect the kinetic momentum jump, leaving us with the final expression for
the momentum jump in fluid constituents,
[[µ˜↵]] =   1
⇢↵ 
p¯↵d · n . (C.1.9)
This expression shows that a dissipative momentum supply p¯↵d on   produces a jump in the
mechano-electrochemical potential of constituent ↵. In the special case of a non-dissipative
interface, we may let p¯↵d = 0, in which case µ˜↵ is continuous across  .
148
